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Connection between chiral symmetry restoration and deconfinement
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We propose a simple explanation for the connection between chiral symmetry restoration and deconfinement
in QCD at high temperature. In the Higgs description of the QCD vacuum both spontaneous chiral symmetry
breaking and effective gluon masses are generated by the condensate of a color octet quark-antiquark pair. The
transition to the high-temperature state proceeds by the melting of this condensate. Quarks and gluons become
~approximately! massless at the same critical temperature. For instanton-dominated effective multiquark inter-
actions and three light quarks with equal mass we find a first order phase transition at a critical temperature
around 170 MeV.
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I. OCTET MELTING

Lattice simulations for QCD at high temperature@1# find
empirically that chiral symmetry restoration and deconfin
ment occur at the same critical temperatureTc @2#. Suffi-
ciently belowTc the equation of state is rather well approx
mated by a gas of mesons. Gluons and quarks or bary
play no important role. AboveTc the dominant thermody
namic degrees of freedom are gluons and quarks. The ch
in the relevant number of degrees of freedom occurs ra
rapidly and may be associated with a thermodynamic ph
transition@3#.

The transition to the high-temperature state of QCD
often called the ‘‘deconfinement transition’’ since the glu
modes with momentap2'(pT)2 characteristic for a therma
state behave at high temperature close to a gas of free
ticles.~For experimentally accessible temperatures above
phase transition substantial corrections to the equation
state of a relativistic gas remain present.! This also holds for
the fermionic degrees of freedom which appear essentiall
free quarks. Having a closer look, the picture of weakly
teracting gluons is actually somewhat oversimplified. In fa
the long-distance behavior of the time-averaged correla
functions in high-temperature QCD corresponds to a ‘‘co
fining’’ three-dimensional effective theory@4# with a strong
effective coupling and a temperature-dependent ‘‘confi
ment scale’’@5,6#. Furthermore, the transition between co
finement and weakly interacting ‘‘free’’ quarks is less dr
matic than it may seem at first sight. In particular, it need
be associated with a true phase transition. In the presenc
light quarks, the temperature-induced changes in the lo
distance behavior of the heavy quark potential are only qu
titative @7#. String breaking occurs for arbitrary temperatu

Nevertheless, one expects a temperature range wher
properties of strong interactions change rapidly, reflect
‘‘deconfinement.’’ We associate ‘‘deconfinement’’ here wi
the transition to a thermal equilibrium state for which~1! the
bosonic contribution to the free energy can be approxima
by the one of a free gas of eight massless spin-one bo
and, correspondingly,~2! possible masslike terms in the e
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fective ‘‘gluon propagator’’ are of the order of the temper
ture or smaller. We do not deal in this paper wi
temperature-dependent changes in the heavy quark pote
and temperature effects in the dynamics of string breakin

On the other hand, the chiral properties of QCD are a
expected to undergo a rapid change at some temperature
vacuum is characterized by a chiral condensate of qu
antiquark pairs. This order is destroyed at high tempera
and chiral symmetry is restored. For vanishing quark mas
this implies a true phase transition. In this case chiral sy
metry restoration at high temperature is signaled by a v
ishing order parameter. At high temperature the mass
quarks contribute to the free energy as a relativistic gas w
3Nf fermions whereas below a critical temperature the f
mionic degrees of freedom appear as massive baryons w
out much relevance for thermodynamics. This qualitat
change in the fermionic contribution remains true also
presence of small nonvanishing quark masses. We asso
the chiral transition at highT with a rapid decrease of jump
in the chiral order parameter and the appearance of a rel
istic quark gas contribution to the free energy.

The qualitative feature that at high-temperature dec
finement and chiral symmetry restoration come in pairs is
much of a mystery: modes with momenta;T dominate the
thermal state and the interactions between these modes
come comparatively weak. Symmetry restoration at highT is
a common phenomenon. It is a longstanding puzzle, h
ever, why deconfinement and chiral symmetry restoration
cur quantitatively at the same temperature. Analytical
proaches that have been investigated so far either concen
on the quark degrees of freedom—for example, in the c
text of Nambu–Jona-Lasinio models@8#. This reflects impor-
tant aspects of the chiral transition but fails to describe
effects of confinement and the thermodynamic equation
state of QCD. Other models deal with pure QCD witho
including the important aspects connected with the prese
of light quarks. So far we are not aware of any success
quantitative analytical description accounting simultaneou
for the deconfinement and chiral symmetry restoration
pects of the QCD phase transition. In view of the vast e
perimental efforts@9# and the important progress in numer
cal simulations @10,7# even an oversimplified analytica
©2002 The American Physical Society03-1
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C. WETTERICH PHYSICAL REVIEW D66, 056003 ~2002!
description of the most salient characteristics of this tran
tion would be very welcome.

One of the main difficulties for any analytical descriptio
are the different relevant degrees of freedom above and
low the critical temperature. Whereas for highT a gas of
quarks and gluons becomes a reasonable approximation
low temperature physics is described by an interacting p
gas with far fewer degrees of freedom. The fermionic d
grees of freedom at lowT are baryons which are Boltzman
suppressed. Any quantitative analytical description must
able to describe both gluons and pions as well as quarks
baryons simultaneously. This is mandatory at least in
vicinity of the critical temperature which is precisely chara
terized by the transition from one set of dominant degree
freedom to another. The recently proposed Higgs picture
the QCD vacuum@11,12# offers such a possibility since a
relevant degrees of freedom are described at once. A rea
able picture of the QCD-phase transition may also serve
test for these ideas.

In this paper we propose a simple explanation of the
multaneous occurrence of the deconfinement and chiral t
sition and present first quantitative estimates. Our expla
tion is based on the proposed new understanding of the Q
vacuum by ‘‘spontaneous breaking of color’’ or gluon-mes
duality @11#. In this picture of the vacuum the condensate^x&
of a color octet quark-antiquark pair leads to spontane
breaking of the color symmetry.~As for the electroweak
standard model there exists an equivalent gauge inva
formulation.! The gluons acquire a mass;^x& by the Higgs
mechanism and become integer charged. Gluon-meson d
ity associates the massive gluons with the physical ve
mesonsr, K* , andv. This is possible since they carry th
appropriate integer electric charges as well as isospin
strangeness. Also the quarks carry integer charges after s
taneous color symmetry breaking and can be associated
the baryons (p,n,L,S,J) plus a heavy singlet. They be
come massive due to the spontaneous breaking of the c
flavor symmetry bŷ x& and a similar singletq̄q condensate.
This association between quark fields and baryons is ca
quark-baryon duality. It is the analogue of color-flavor loc
ing @13# for a high baryon density.

It has been argued on phenomenological grounds@11# that
the dominant contribution to spontaneous chiral symme
breaking arises from the octet condensate^x&. The same
condensate therefore explains both confinement and spo
neous chiral symmetry breaking. In this description the so
tion to the puzzle why deconfinement and chiral symme
restoration are connected becomes obvious. At some cri
temperatureTc the value of the octet condensate^x& drops
rapidly. At this temperature the mass of the gluons theref
drastically decreases and the deconfinement transition
pens. In the limit of three massless quarks the expecta
value^x& exactly vanishes atTc , reflecting chiral symmetry
restoration. Typically, the color-octet and -singl
q̄q-expectation values influence each other. In particular
octet condensate always induces a singlet condensat
seems plausible that both the octet and singlet condens
vanish simultaneously forT.Tc . Then chiral symmetry gets
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completely restored forT.Tc , leading to a true phase tran
sition characterized by the order parameter of chiral symm
try breaking. The critical temperature for the phase transit
is the ‘‘melting temperature’’ for the octet condensate. T
‘‘deconfinement temperature’’ and ‘‘chiral symmetry restor
tion temperature’’ are therefore identical. As a conseque
of the change in the order parameter the quantum numbe
the excitations in the ‘‘hadronic phase’’ forT,Tc differ from
the ones in the ‘‘quark-gluon phase’’ forT.Tc .

Quark mass effects modify the details of the transitio
For a more quantitative description of ‘‘octet melting’’ w
omit in this paper the difference between the current qu
masses and consider three light quark flavors with eq
mass. For our quantitative analysis we will need informat
about the condensates in the vacuum which are related to
form of the effective quark interactions. We investigate
rather wide class of effective multiquark interactions induc
by instanton effects. In the chiral limit of three massle
quarks we find a first-order transition with critical temper
ture Tc'1302160 MeV. In this limit the mass of the eigh
pseudoscalar Goldstone bosons (p,K,h) vanishes at low
temperaturemPS50. For realistic current quark masses co
responding to a nonzero average pseudoscalar massmPS

2

'(2MK
2 1Mp

2 )/3, we again get a first-order transition with
somewhat largerTc'170–180 MeV.

In this note we do not deal explicitly with the color
singlet quark-antiquark pair which plays a subdominant ro
The relevant thermodynamic potential is then given by
temperature-dependent effective potential for the octet c
densate

U~x,T!5U0~x!1DU~x,T!. ~1!

HereU0 encodes in a bosonic language for scalarq̄q com-
posites the information about the multiquark interactions
the vacuum, whereasDU accounts for the thermal fluctua
tions. We use a scalar fieldx i j ,ab;c̄ jbcai2

1
3 c̄kbcakd i j for

the octet quark-antiquark pair withi , j 51•••3 color indices
and a,b51 . . .Nf flavor indices for massless~or light!
quarks. ForNf53 it is sufficient to evaluate the effectiv
potential for the direction of the condensate@11#

^x i j ,ab&5
1

A6
xS d iad jb2

1

3
d i j dabD . ~2!

In the limit of three equal quark masses this condensate
serves a vectorlikeSU(3) symmetry which contains the gen
erators of isospin and strangeness.

We emphasize that in our picture the thermodynam
quantities depend on the number of light flavors in an imp
tant way. For example, the vacuum condensates for t
flavor QCD (Nf52) are discussed in Ref.@12# and differ
substantially from the three-flavor case. Needless to say
in absence of light quarks the chiral aspects of the ph
transition are completely different. We restrict our discuss
here to the realistic caseNf53. Quark mass effects are take
into account except for theSU(3) violation due to the mass
differences. The thermodynamic quantities of interest c
3-2
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CONNECTION BETWEEN CHIRAL SYMMETRY . . . PHYSICAL REVIEW D66, 056003 ~2002!
then be extracted from the behavior of the minima
U(x,T). For T50 the minimum occurs for a nonvanishin
octet condensatex0Þ0. As the temperature increases, t
thermal fluctuations induce a new local minimum at the o
gin x50. At the critical temperatureTc the two minima are
degenerate. The discontinuity characteristic for a first-or
phase transition corresponds to the jump to the abso
minimum atx50 for T.Tc .

The remainder of this paper is devoted to a more deta
estimate ofU(x,T). We will employ a mean-field-type cal
culation which takes into account, nevertheless, the most
portant effects of the strong interactions. We will devo
some care to the proper implementation of the mean fi
calculation despite the fact that some other approximati
in our approach~such as the effective vacuum potential! re-
main rather crude. The reason is that we want to desc
correctly the interacting pion gas at low temperature withi
linear formulation. The linear formulation is necessary fo
description of symmetry restoration atTc , since forT.Tc
the Goldstone bosons are combined with thes scalar into
linear multiplets of the flavor group. On the other hand,
nonlinear Goldstone excitations dominate the free energ
low T and chiral perturbation theory gives a valid descr
tion. We will see that a linear mean field description eas
leads to incorrect results for the nonlinear excitations un
done with sufficient care. Furthermore, we do not want
obscure the possibility of a second order phase transition
using a method which is too rough. Again, unless the boso
degrees of freedom are treated with care, a mean field c
putation can easily produce a spurious first order jump e
in a situation of a second order transition or a crossover. T
is well known from the study of scalar field theories or t
electroweak phase transition.

Our paper is organized as follows. Section II addres
the form of the vacuum potentialU0(x), which was esti-
mated previously@14# by an instanton calculation. In Sec. I
we discuss the dependence of the masses of the most rel
excitations on the octet condensatex. This is the basis for
our mean-field-type calculation of the temperature effe
DU(x,T) in Sec. IV. A first summary of quantitative resul
for the chiral phase transition is given in Sec. V in the chi
limit of massless quarks. For the instanton-induced poten
U0(x) proposed in Sec. II we find a critical temperatureTc
5154 MeV, consistent with lattice estimates@7#. Section VI
is devoted to the high-temperature phase and the equatio
state. Sufficiently aboveTc one observes a weakly interac
ing gas of gluons and quarks. In Sec. VII we present ana
cal estimates for the chiral phase transition. In particular,
three massless quarks the critical temperature is related t
mass of theh8 meson and its decay constantf u by

Tc
450.013Mh8

2 f u
2R21/4 ~3!

with R,1 a constant of order 1.
We turn to the value of the chiral symmetry-breaking o

der parameter in the low temperature phase in Sec. VIII. T
needs a meaningful treatment of the Goldstone boson fl
tuations which we propose in Sec. IX. In Sec. X we ver
that our prescriptions are consistent with chiral perturbat
05600
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theory for low enoughT. Section XI discusses the effects o
nonvanishing current quark masses. We consider equal
rent quark masses which correspond to an average ma
the pseudoscalar Goldstone bosonsM PS5390 MeV. Up to
SU(3)-violating quark mass differences this corresponds
a realistic situation. We findTc5170 MeV, again consisten
with lattice simulations@7#. In the low temperature phase th
Higgs contribution to the mass of the vector mesons
creases substantially as the temperature increases. In th
cinity of Tc we find a Higgs contribution to the averag
vector meson mass'300 MeV and to the average mass f
the light baryons'600 MeV. Those have to be supple
mented by thermal mass contributions. A decrease of
vector meson mass@15# may be relevant for the dilepton
spectrum observed in heavy ion collisions. Finally, we inv
tigate in Sec. XII a possible lattice test of our scenario
establishing the existence of stableZ3 vortices in the low-
temperature phase. Section XIII summarizes our conc
sions.

II. VACUUM-EFFECTIVE POTENTIAL

The effect of the thermal fluctuations has to be compa
with the vacuum-effective potentialU0(x) for the octet. We
will not need here many details of the precise shape ofU0.
The most important parameter for the determination of
critical temperatureTc for the phase transition will turn ou
to be the differenceU0(0)2U0(x0), with x0 the vacuum
expectation value of the octet. To be specific, we concent
here on an instanton-induced potential which is motivated
the observation that instanton effects are a plausible ca
date for the dynamics that lead to a nonvanishing octet c

densate@14#. Beyond the octetq̄q-condensate realistic QCD

exhibits also a nonvanishing color-singletq̄q-condensates.
In order to concentrate our discussion on the essential
pects, we assume here thats is ‘‘integrated out’’ by solving
its effective field equation1 as a functional ofx. We take here
s;x ~in the relevant range! such that allq̄q condensates are
accounted for byx.

For Nf53 and small values ofq̄q the instanton effects
lead to a cubic termUan;x3;(q̄q)3. For large values ofx
the nonvanishing gluon mass;x leads to an effective infra-
red cutoff for the instanton interactions, resulting inUan
;x211 @14#. A first quantitative estimate of the instanton
induced effective potential can be found in Ref.@14# and we
exploit its consequences in the present work. However
view of the uncertainties of this estimate we will be satisfi
here with a simplified version which respects the asympto
properties for small and largex

1The effective kinetic term and interactions of thex field include
therefore contributions from the color singlet fields as well. In a
two-field language a nonzeros is necessarily generated forxÞ0
by terms;sx2 present in the contribution from the chiral anoma
for Nf53.
3-3
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C. WETTERICH PHYSICAL REVIEW D66, 056003 ~2002!
~A!:U0~x!5lH 2
14

11
Ranx0x3F11

3

11S x

x0
D 14G21

1~12Ran!~x422x0
2x2!1x0

4J . ~4!

The instanton contribution is the one;Ran and we have
added another contribution;(12Ran) which arises from
nonanomalous interactions not related to instantons, suc
for example, multiquark interactions mediated by gluon e
change. Presumably the vacuum potential is dominated
instanton effects@14# such thatRan is expected to be close t
1. In our conventionsx is real and we have parametrized t
potential such that the absolute minimum ofU0 occurs atx0,
with U0(x50)5lx0

4 ,l.0. The additive constant is fixe
such that the pressure vanishes in the vacuum. In the abs
of quark masses this impliesU0(x0)50.

In order to investigate how sensitively our results depe
on the precise shape of the potential, we consider forNf
53 also a potential which only incorporates the breaking
the discrete symmetryx→2x by the anomaly, without hav
ing the correct asymptotic behavior

~B!:U0~x!5l$Ran~3x424x0x3!1~12Ran!~x422x0
2x2!

1x0
4%. ~5!

Finally, we compare our results also to a quartic potentia

~C!:U0~x!5l~x22x0
2!2. ~6!

The quartic potential~C! is characteristic for two-flavor QCD
(Nf52) ~or for three flavors with small effects of the chir
anomaly!. We emphasize that the investigation of the pote
tials ~B! and~C! serves mainly the purpose of an estimate
uncertainties or errors from the unknown details of the sh
of U0 whereas we consider~A! as a more realistic potentia

As we have already mentioned, the dominant param
for the characteristics of the chiral phase transition isU0(0).
This measures in our convention the potential difference
tween the chiral symmetric state atx50 and the vacuum a
x5x0. It gets a contribution from the chiral anoma
Uan(0) and we have in our parametrization

U0~0!5Ran
21Uan~0!. ~7!

Here we denote byUan(x) the contribution of the chira
anomaly, i.e., the part;Ran in Eqs. ~4! or ~5!. The size of
the chiral anomaly in the vacuumUan(x0)2Uan(0) is given
for our simple potential~4! by 2Uan(0). It is directly re-
lated @11,16# to the mass of theh8 mesonMh85960 MeV
and its decay constantf u'150 MeV

Uan~0!5
f u

2Mh8
2

2Nf
2

5
1

Nf
2

31022 GeV4. ~8!

The parameterRan is essentially fixed for instanton
dominated multiquark interactions (Ran'1). This sets the
scale forU0 in terms of the mass and decay constant of
05600
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h8 meson. This is the basis for an interesting connect
between the critical temperatureTc on one side andMh8 and
f u on the other side which will become apparent later.

The vacuum octet condensatex0 is related to the effective
gauge couplingg and the vector meson massm̄r by m̄r

5g(m̄r)x0. The couplingg(m̄r) can be estimated@11# from
the r-decay width into two pions or charged leptons and
chooseg(770 MeV)56. For m̄r5770 MeV this yieldsx0
'130 MeV. @In view of the uncertainties of this estimat
one could also treatg(m̄r) as an unknown parameter withi
a certain range around the estimate above.# The couplingl is
now determined by

l5
Ran

21f u
2Mh8

2

2Nf
2x0

4
5

g4~m̄r!

2Nf
2Ran

f u
2Mh8

2

m̄r
4

. ~9!

Another characteristic quantity for the vacuum potential
the mass of thes resonance given by2

Ms
25

3

8
]2U0 /]x2ux0

. ~10!

Phenomenology indicatesMs'500 MeV for realistic values
of the quark masses.

III. EFFECTIVE MASSES

We will evaluate the temperature-dependent part of
effective potentialDU(x,T) in a generalized mean-field
type approximation. In a strong interaction environment r
sonable results can only be obtained if the dependence o
effective particle masses on the mean field and the mom
tum scale is dealt with some care. In particular, the stro
running of the couplings should not be neglected. Furth
more, we want to be able, in principle, to distinguish b
tween a first or second-order phase transition. In this res
it is crucial that the Goldstone bosons are treated correc
since otherwise a second-order transition may be obsc
by an insufficient approximation. This is not trivial in a mea
field treatment of a linear model and we devote some at
tion to this issue in Secs. IX–XI.

More precisely, we include the effects of the fluctuatio
of the gluons, quarks, and pseudoscalar Goldstone bos
Since in the low temperature phase gluons are associate
vector mesons and quarks to baryons@11#, these fluctuations
include all light particles. Our approximation is formall
equivalent to a gas of noninteracting massive particles. H
ever, the effects of the interactions appear indirectly throu
the dependence of the particle masses on the mean field
the momentum scale. In particular, the gluons and qua
havex-dependent masses

mr
2~m!5g2~m!x2, Mq

2~m!5hx
2~m!x2, ~11!

2This holds if the contribution of the color singlet to the kinet
term of x is small.
3-4
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CONNECTION BETWEEN CHIRAL SYMMETRY . . . PHYSICAL REVIEW D66, 056003 ~2002!
where we take into account the running of the gauge
Yukawa coupling. The running of the couplings and t
choice of the renormalization scalem are specified in Appen
dix A. From the average baryon mass in vacuumM̄q

5hx(m̄r)x051150 MeV we extract3 hx(m̄r)59. Beyond
the running couplings further effects of the interactions
the gluons are omitted. We neglect here, in particular,
thermal mass corrections which contribute;gT to a chirally
invariant quark mass and the gluon mass.~For simplicity, we
also have neglected the mass splitting between the ba
octet and the singlet which are described by the nine quar!

For the Goldstone bosons the squared mass is given fo
T by the derivative of the potential

MG
2 5cGU85cG

]U

]~x2!
5

36

7Nf

]U

]~x2!
. ~12!

Also the effective meson decay constant depends onx

f 25cFx25
7

9
x2. ~13!

As chiral symmetry restoration is approached forx→0 the
effective decay constant decreases. The same holds fo
chiral condensatêc̄c&;x. We note that the general relatio

f 2MG
2 5

2x

Nf

]U

]x
~14!

implies

cGcF5
4

Nf
~15!

independently of the individual constants4 cG andcF .

IV. THERMAL FLUCTUATIONS

The various contributions of the thermal fluctuations a
now evaluated as

DU5DgU1DqU1DsU ~16!

with

DgU524JB~g2x2!, DqU5212NfJF~hx
2x2!,

DsU5~Nf
221!@JG~MG

2 !1DJG#. ~17!

Here we have defined the integrals

3Note that actually onlyMq(x50)50 andMq(x5x0)5M̄q are
known. Thex dependence ofMq(x) could be more complicated
than the ansatz used in Eq.~11!.

4The values used in Eqs.~12! and~13! neglect the contribution of

the singletq̄q condensate.
05600
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J~M2,T!5
1

2 S E
q

(T)

ln~qT
21M2!2E

q

(0)

ln~q21M2! D
~18!

with *q
(T)5T(n*@d3qW /(2p)3#, *q

(0)5*@d4q/(2p)4#, qT
2

5(2pnT)21qW 2, q25q0
21qW 2. For the bosonic fluctuations

JB andJG the sum is over integer Matsubara frequenciesn.
In contrast, forJF the Matsubara frequencies are half integ
and thereforeqT

25(2n11)pT, nPZ. The integralsJB and
JF reflect the difference between the one loop expressi
between nonzero and zero temperature for a given ‘‘ba
ground field’’x. They are well known in thermal field theor
@17#

JB~M2,T!5TE
0

`dqq2

2p2
ln@12exp~2Aq21M2/T!#,

JF~M2,T!5TE
0

`dqq2

2p2
ln@11exp~2Aq21M2/T!#,

~19!

and can be expressed in terms of dimensionless integ
with m25M2/T2

JB(F)5
T4

2p2E0

`

dq̃q̃2ln@17 exp~2Aq̃21m2!#. ~20!

We observe the Boltzmann suppression for largem, i.e.,

lim
m→`

JB(F)5~1̄ !
T4

2A2
S m

p D 3/2

e2m. ~21!

The fluctuation integralJG for the Goldstone bosons ha
to be handled with care sinceMG

2 may be negative for a
certain range ofx. The Goldstone boson massMG

2 vanishes
at the temperature-dependent minimum of the poten
x0(T). @In our notationx0(0)[x0 corresponds to the pa
rameter appearing in the zero-temperature effective pote
~5!.# The physics of the ‘‘nonconvex region’’x,x0(T),
where our approximation leads to]U/](x2),0, can be
properly discussed@18# only in the context of a coarse
grained effective action as the effective average act
@19,20#. We give here some ‘‘ad hoc’’ prescriptions which
catch the relevant physics for most~not all! situations. For
negativeU8 the fluctuations with momentaq2,2U8 should
be replaced by spin waves, kinks or similar ‘‘tunneling’’ co
figurations which fluctuate between different minima of t
potential @18#. Here we simply omit the fluctuations with
q2,2U8. As a consequence,JG equals JB for U8>0,
whereas the lower integration boundary forq̃ in Eq. ~20! is
replaced byumu if m2 is negative. With
3-5
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JG~M2,T!55
JB~M2,T!

for M2>0,

T4

2p2E0

`

dyyAy21um2u ln~12e2y!

for M2,0

~22!

we observe thatJG is continuous inM2. For M2,0 the
contribution of the Goldstone fluctuations is enhanced
compared to a gas of massless free particles. Finally,
correctionDJG in Eq. ~17! is related to the appropriate trea
ment of the running couplings and specified in Appendix

Our treatment of the composite scalar fluctuations lead
some shortcomings. The perhaps most apparent one con
the behavior ofDU for very highT. In this region the gluons
have only two helicities and the factor 24 multiplyingJB
should be replaced by 16. In fact, a more correct formulat
would treat the 2(Nc

221) transversal gluon degrees of fre
dom separately from the longitudinal degrees of freedo
The latter ones are associated to the scalar sector by
Higgs mechanism. In contrast to the fundamental scala
the electroweak sector of the standard model the octetx is a
composite and the scalars should not be counted as inde
dent degrees of freedom at highT. In a more complete treat
ment this is realized by largeT-dependent mass terms for a
scalars which suppress their contribution effectively for la
T. The neglect of this effect in our rough treatment leads
an overestimate of the bosonic contribution5 at largeT by a
factor 3/2.

On the other hand, in the low temperature region we h
neglected bosonic contributions from thes resonance or the
scalar octet (a6, etc.! which have a similar mass as the ve
tor mesons. This results in an underestimate of the bos
contribution which is particularly serious near a second-or
or weak first-order phase transition. At a second-order ph
transition all scalars contained in an appropriate linear r
resentation become massless. In the chiral limit the mini
set are 144 real scalars forNf53 and 32 real scalars fo
Nf52. In contrast, our treatment accounts only for (Nc

2

21)1(Nf
221) massless scalars at the phase transition.

Another shortcoming is the neglect of temperature effe
in the instanton-induced interactions. They become imp
tant for pT'mr and can be neglected for lowT. It is con-
ceivable that these effects influence substantially the de
of the phase transition. Despite all that we remind that
gross features of the equation of state and the value of
critical temperature are relatively robust quantities. We w
see below that an error of 20% in the number of effect
degrees of freedom in the quark-gluon phase atTc influences
the value ofTc only by 5%. A similar statement holds for
20% error in the estimate ofU0(0)2U0(x0). For a first
rough picture of the implications of the color octet conde
sate on the chiral phase transition our approximation of
thermal fluctuations~16! seems therefore appropriate.

5The suppression of the Goldstone boson contributionJG at large
T is included properly in our approximation.
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V. HIGH-TEMPERATURE PHASE TRANSITION FOR
VANISHING QUARK MASSES

For a given form of the vacuum potentialU0 the tempera-
ture dependence of the effective potential and
temperature-dependent masses of the pseudoparticles
now be computed. We concentrate here on a potential th
dominated by instanton effects reflecting the chiral anom
and takeRan50.9 in Eq.~4!. In Table I we present for the
chiral limit ~vanishing current-quark masses! the values of
the vector-meson massm̄r ~input!, the decay constantf and
thes massMs for the vacuum. The results for the instanto
induced potential are denoted by~A!. For our parameters
realistic values ofm̄r , f, andMs are obtained for a realistic
average current quark mass~see Sec. XI, Table II!. They
differ from the chiral limit shown in Table I. In order to
investigate the influence of the uncertainties in the vacu
potential on the thermal properties, we also compare w
corresponding results for the potentials~B!, ~C! in Eqs.~5!,
~6!. @For the potentials~B!,~C! we have not optimized the
input parametersm̄r ,g(m̄r),hx(m̄r) with respect to the ob-
served particle masses for nonzero current quark masse#

As the temperature increases, we find a first-order ph
transition. The critical temperatureTc is indicated in Table I,
as well as the Higgs contribution to the mass of the vec
mesons and baryons slightly below the critical temperat

@m̄r
(SSB)(Tc) andMq

(SSB)(Tc)]. We observe that the decreas

of the effective massesm̄r(T) and Mq(T) for increasing
temperature is largely determined by the temperature de
dence of the effective gauge and Yukawa couplings and o
to a smaller extent by the decrease of the expectation v
x0(T). We observe that the true screening masses get t
perature corrections which increase;T and become impor-
tant nearTc . Also the maximum of the vector meson spect
function, which is relevant for dilepton production, diffe
from the screening mass. AsT increases beyondTc , the
absolute minimum ofU(x,T) jumps tox50 and the gluons

TABLE I. First-order phase transition in the chiral limit (mPS

50).

vacuum critical temperature
U0 m̄r

f Ms Tc m̄r
(SSB)(Tc) Mq

(SSB)(Tc) t(Tc)

A 700 68 1570 154 290 580 0.37
B 770 113 580 134 440 700 0.66
C 770 113 480 131 450 720 0.71

TABLE II. First-order phase transition for realistic averag
quark masses (mPS5390 MeV).

vacuum critical temperature
U0 m̄r

f Ms Tc m̄r
(SSB)(Tc) Mq

(SSB)(Tc) t(Tc)

A 770 116 460 170 290 600 0.53
B 800 132 770 180 470 800 0.77
C 810 142 660 183 490 840 0.77
3-6
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CONNECTION BETWEEN CHIRAL SYMMETRY . . . PHYSICAL REVIEW D66, 056003 ~2002!
and quarks~or vector-mesons and baryons! become massles
in our approximation. The equation of state approaches
idly the one for a free gas of gluons and quarks~see Sec. VI
for details!.

Since the potentials~B!,~C! are qualitatively quite differ-
ent from ~A!, we believe that the rangeTc'130–160 MeV
roughly covers the uncertainty from the choice of t
vacuum potentialU0. We note that the critical temperatur
for the instanton-induced potential~A! comes close to the
value Tc515468 MeV suggested by a recent lattice sim
lation @7#. If we include only the transversal gluon degrees
freedom forx50 ~see Sec. IV! the value ofTc becomes
somewhat larger by about 4%.

VI. HIGH-TEMPERATURE PHASE

The results of a numerical evaluation ofU(x,T) can be
understood qualitatively by simple analytical consideratio
For large temperatureT.M the integralsJ are dominated by
their values atM50:

JB~0,T!5JG~0,T!52
p2

90
T4, JF~0,T!5

7p2

720
T4. ~23!

If the minimum ofU for largeT occurs atx50, the gauge
bosons and quarks are effectively massless. The pressu
then given by

p52U~x50!5
16p2

90
T41

12Nfp
2

90 S 7

8DT42U0~0!.

~24!

We recognize the contribution of a free gas of 2(Nc
221)

516 bosonic and 4NcNf512Nf fermionic massless degree
of freedom. The scalar partDsU is subleading and will be
neglected~see Sec. IV!. The negative contribution2U0(0)
52lx0

4 accounts in our approximation for interaction e
fects related to the octet condensation. It becomes irrele
only for largeT whereas for temperatures nearTc its effects
cannot be neglected. For largeT the pressure approache
rapidly the Stefan-Boltzmann limit

pSB5S 8

45
1

7

60
Nf Dp2T4. ~25!

The energy density

e5U2T
]U

]T
5U0~0!1

8

15S 11
21Nf

32 Dp2T4 ~26!

deviates from the one for a relativistic gluon-quark gas d
to U0. One obtains the equation of state

e23p54U0~0!,
e23p

e1p
5

45

S 81
21

4
Nf Dp2

U0~0!

T4
.

~27!

This yields, forNf53,
05600
p-

f

.

is

nt

e

t5
e23p

e1p
'0.192

U0~0!

T4
5t~Tc!

Tc
4

T4
,

p

e
5

12t

31t
. ~28!

We have indicated the value oft(Tc) obtained from the nu-
merical evaluation of Eq.~16! in the chiral limit in Table I
~and for realistic quark masses in Table II in Sec. XI!. The
small value oft for the instanton-induced potential~A! im-
plies that the equation of state for a relativistic plasma
particularly rapidly approached as the temperature increa
beyondTc . The fast turnover to a relativistic plasma is co
sistent with findings in lattice gauge theories@2#.

In a more accurate treatment the free energy of the qu
gluon gas and the Stefan-Boltzmann law receive additio
perturbative corrections also for largeT. The dominant cor-
rections can be incorporated in our picture by adding
temperature dependent mass terms in Eq.~11! @21#. We em-
phasize, however, that the contribution2U0(0) in Eq. ~24!
remains as an important nonperturbative effect.

VII. CHIRAL PHASE TRANSITION

For a first-order transition the critical temperatureTc can
be related toU0(0). Let usdenote the value of the potentia
in the hadronic phase atTc by USSB5U@x0(Tc)#. Equating
this with Eq.~24! yields

Tc
45

45

8p2 S 11
21Nf

32 D 21

@U0~0!2USSB#, ~29!

where we have neglectedDsU since the Goldstone boso
fluctuations are not relevant atx50 for a sufficiently strong
first-order transition. As long asTc remains much smalle
than the mass of the gauge bosonsm̄r

(SSB) and fermions
Mq

(SSB) in the phase with broken chiral symmetry, their co
tribution to USSB remains strongly Boltzmann suppress
~see Table I!. For a strong first-order phase transition t
quantity USSB is therefore dominated by the fluctuations
the Nf

221 Goldstone bosons. Ifx0(T) is close to x0

5x0(0) we can also neglect the differenceU0@x0(T)#
2U0(x0) andUSSBis given by the contribution of a free ga
of Goldstone bosons

USSB52
~Nf

221!p2

90
Tc

4 . ~30!

As a consequence, the critical temperature is given byU0(0)
quite independently of the details of the shape ofU0(x) or
the thermal fluctuations

Tc
45

45

8p2 S 11
21Nf

32
2

Nf
221

16 D 21

U0~0!50.231 U0~0!.

~31!

~For the quantitative estimate we useNf53.! For the ap-
proximation~28! this yields an equation of state
3-7
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C. WETTERICH PHYSICAL REVIEW D66, 056003 ~2002!
e23p

e1p
't~Tc!

Tc
4

T4
'0.83

Tc
4

T4
~32!

and we see again that a free relativistic gas of gluons
quarks is reached rapidly asT increases beyondTc . The
pressure is continuous atTc and directly given byp(Tc)5
2USSB. Comparing Eq.~30! with the Stefan-Boltzmann

value ~25! yields p(Tc)/pSB5 16
95 ( 3

37 ) for Nf53(2).
Equation~31! relates the critical temperature to the pro

erties of theh8 meson and the fractional contributionRan of
the chiral anomaly toU0(0) @cf. Eq. ~8!#

Tc5Ran
21/4Nf

21/23221 MeV. ~33!

For Ran5(0.3,0.5,0.8,1) and Nf53 this yields Tc
5(173,152,135,128) MeV. Fluctuations in the SSB pha
beyond the pions~30! further lower the value ofUSSB. This
replaces in Eq.~33! Ran by R̄, with R̄,Ran , leading to an
increase ofTc . For three-flavor QCD our numerical resul
are consistent with this qualitative picture of a strong fir
order phase transition.

The quantitative estimates~31!–~33! are only valid if the
minimum at x0(Tc) is still near x0. This depends on the
influence of the Goldstone bosons and, in particular, on
ratio betweenTc and the meson decay constantf ~see Sec.
XI !. For a weak first-order transition or a second-order tr
sition ~for Nf52) the potential differenceU0@x0(Tc)# has to
be included inUSSB ~30!. This contribution lowers the criti-
cal temperature. On the other hand, the gauge boson
quark fluctuations may not be negligible anymore for lo
enoughx0(Tc). This effect enhances the critical temperatu
The difference between the rough estimates~33! and ~32!
and the numerical conputation~Table I! is related to these
effects.6 It is particularly pronounced for the potential~A! for
which the gauge boson mass in the SSB phase is alre
considerably smaller atTc than atT50.

In the two-flavor case the chiral phase transition in QC
ressembles in many respects the electroweak phase tr
tion. The vacuum potential is analytic inx2 at x250 such
that a first-order transition can only be induced by the fl
tuations of the gauge bosons. In this analogy the octet
places the Higgs scalar andMs plays the role of the mass o
the Higgs scalarMH . Also the gluons replace the wea
gauge bosons and the quarks play the role of the top qua
the electroweak theory. The electroweak phase diag
shows a first-order phase transition for smallMH and one
may expect the same for QCD for smallMs . In the elec-
troweak theory this transition ends for some criticalMH,c in
a second-order transition, whereas forMH.MH,c the transi-
tion is replaced by a continuous crossover@5,22,23#. In the
case of QCD with vanishing quark masses one has, howe
an additional important ingredient, namely, the existence
an order parameter and Goldstone bosons. In fact, in

6The numerical computation also uses 24 gauge boson degre
freedom @Eq. ~17!# instead of 16 for the analytical discussion
Secs. VII and VIII. This lowersTc by 4%.
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absence of current quark masses an order parameterx0(T)
Þ0 breaks spontaneously a global symmetry. In con
quence, there must be a phase transition asx0(T) reaches
zero when the critical temperatureTc is reached from below.
This holds for arbitrarily largeMs . In two-flavor QCD with
vanishing quark masses a second-order phase transitio
places the crossover of the electroweak theory. For nonz
quark mass the analogy is even closer, with a change fro
first-order transition to crossover in dependence onMs . In
contrast to the electroweak theory, however,Ms is not a free
parameter but can, in principle, be computed in QCD.
important ingredient for the determination of the charact
istics of the phase transition is the size of the gauge coup
which is large in QCD. The realization of a second-ord
transition/crossover seems therefore quite plausible in t
flavor QCD.

VIII. SPONTANEOUS CHIRAL SYMMETRY BREAKING
FOR TËTC

For an understanding of the temperature effects in
hadronic phase forT,Tc we need the value ofx0(T). The
octet expectation value in thermal equilibrium obeys the fi
equation

]U

]x
52x

]U

]~x2!
52xU85 j x , ~34!

wherej x50 in absence of quark masses. For a determina
of the temperature dependence of the order parameterx0(T)
it is useful to investigate the field equation analytically. F
the gluon contribution one finds from Eq.~17!

DgU8[
]

]~x2!
DgU512ĝ2@mr~T!#I 1

(B)@mr
2~T!,T#.

~35!

Here

ĝ25
]mr

2~T!

]~x2!
5g2~mT!H 12

mr
2

mr
21~pT!2

~bg /g!~mT!

~bg /g!~mr!

3S 12
g

bg
~mr! D 21J ~36!

reflects the running of the gauge coupling in dependence
the temperature-dependent gluon mass

mr
2~T!5g2~mT

2!x2. ~37!

The integral

of
3-8
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I 1
(B)~M2,T!52

]

]M2
JB~M2,T!

5T(
n
E d3qW

~2p!3

1

qW 21~2pnT!21M2

2E d4q

~2p!4

1

q21M2

5
T2

2p2E0

`

dy
Ay212my

ey1m21
~38!

contains for largeT terms quadratic, linear and logarithmic
T @24#:

I 1
(B)'

T2

12
2

TM

4p
1

M2

16p2
ln

~ c̃T!21M2

M2
. ~39!

More precisely, the expression~39! applies forM2!p2T2

and we will drop the logarithm in the following. We observ
an infrared divergence in]I 1

(B)/]M2 for M→0.
The fermionic contribution reads

]

]~x2!
DqU526Nfĥ

2I 1
(F)~hx

2x2,T! ~40!

with

ĥ25
]

]~x2!
@hx

2~mT!x2#

5hx
2~mT!H 12

mr
2

mr
21~pT!2

~bh /hx!~mT!

~bg /g!~mr!

3S 12
g

bg
~mr! D 21J . ~41!

The corresponding integral

I 1
(F)~M2,T!52

]

]M2
JF~M2,T!52

T2

2p2E0

`

dy
Ay212my

ey1m11

5
1

24
T21••• ~42!

involves half-integer Matsubara frequencies and does
show an infrared divergence.

The Goldstone-boson integralI 1
(G)52]JG /]M2 equalsI 1

B

for M2>0. For negativeM2 it becomes

I 1
(G)52

T2

2p2E0

`

dyy~y21um2u!21/2ln~12e2y!

5
T2

12
1DI 1

(G) . ~43!
05600
ot

For small values ofuM u/T one finds

DI 1
(G)5

TuM u

2p2 S ln
2uM u

T
21D1••• ~44!

and we see thatI 1
(G) is continuous atM250. On the other

hand, for largeuM u/T the result is

I 1
(G)5

ĉ

4p2

T3

uM u
1•••, ĉ5E

0

`

dy
y2

ey21
'2.4041.

~45!

For sufficiently largeT a positive temperature-depende
masslike term dominates the potential derivative at the or

]DU

]~x2! ux50

5S ĝ21
Nf

4
ĥx

2DT2. ~46!

This overwhelms any classical contribution and there
therefore no nontrivial minimum ofU(x,T) for xÞ0. Chiral
symmetry is restored@x0(T)50# and the gluons no longe
acquire a mass from the octet condensate. On the other h
for T,Tc the absolute minimum of the potential occurs f
x0(T)Þ0, corresponding to a nontrivial solution of Eq.~34!.

IX. GOLDSTONE-BOSON FLUCTUATIONS

For a determination ofx0(T) in the low temperature
phase with chiral symmetry breaking the Goldstone bo
fluctuations are important. They dominate the lo
temperature behavior and play an important role at a poss
second-order phase transition. The correct treatment of
Goldstone bosons in a mean-field-type approach is ra
subtle due to complications in the infrared physics for ma
less bosons.~This also applies to gauge bosons.! We show in
the next section that our renormalization-group motiva
prescriptions lead to the correct behavior at lowT and we
demonstrate in Appendix B that they also can account7 for
the possibility of a second-order phase transition. The la
is particularly relevant for the case of two light quark flavo
or for realistic QCD where the physical strange quark m
seems to correspond to a very weak first-order transition
crossover, in the vicinity of a second-order transition for
nearby critical strange quark mass.

The Goldstone boson mass involves the derivative of
temperature-dependent effective potentialMG

2 5cGU8,
which obeys for allT

U85B~x!1
Nf

221

2
cGU9DI 1

(G)~cGU8,T!1•••, ~47!

7A naive mean field treatment typically produces a first-order tr
sition when massless bosons are present. This is due to the no
lytic ‘‘cubic term’’ in the expansion ofJB @Eq. ~19!# in powers ofM.
3-9
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B~x!5U081
Nf

221

24
cGT2U09112ĝ2I 1

(B)~g2x2,T!

26Nfĥ
2I 1

(F)~hx
2x2,T!.

Here the ellipses stand for corrections arising fromDJG ~A3!
which vanish forU850 and are negligible in the vicinity o
an extremum. FromDI 1

(G)(0,T)50 one infers a simple equa
tion for the extrema ofU away from the origin. The condi
tion U850 is realized forB50 or

U081
Nf

221

24
cGU09T

256Nfĥ
2I 1

(F)@hx
2~mT!x0

2 ,T#

212ĝ2I 1
(B)@g2~mT!x0

2 ,T#, ~48!

where we recall the definitions

U085
1

2x

]U0

]x
, U0

95
1

4x2 S ]2U0

]x2
2

1

x

]U0

]x D . ~49!

For low temperature the right-hand side of Eq.~48! is Bolt-
zmann suppressed and can be neglected.

The differential equation~47! for U8(x) can be turned
into an algebraic ‘‘Schwinger-Dyson equation’’ by replacin
U9 by U0

9 . This is reasonable forU09>0, whereas for nega
tive U09 we omit the contribution;U09 in B andDI 1

(G) in Eq.
~47! such thatU85B. These prescriptions8 determineU8 for
given values ofx andT. Not too far from the minimum one
may further approximate~for U09>0)

U85B2
Nf

221

8p
cG

3/2U09TSAU8Q~U8!2
2

p
A2U8Q~2U8!

3@ ln~2uU8u/T!21# D . ~50!

A reasonable approximate formula forU8 used for our nu-
merical computation is given by

U85
1

4
sign~B!~AE214uBu2E!2,

E5
Nf

221

8p
cG

3/2TU09Q~U09!. ~51!

This implies that for smallB in the vicinity of the minimum
whereB;x2x0, one has9 U8;(x2x0)2.

8In regions of the potential where the gauge boson and ferm
fluctuations are important a better approximation would repl
U09→U091DgU91DqU9, similar to Eq.~A2!.

9This holds forE.0. Note that forU8;x2x0 the nonanalyticity
in DI 1

(G) would destabilize the minimum.
05600
X. LOW TEMPERATURE PION GAS AND CHIRAL
PERTURBATION THEORY

The thermodynamics for low temperature should be
scribed by a gas of interacting pions. Any analytical comp
tation which pretends to describe the transition from a p
gas at lowT to a quark gluon plasma at highT should repro-
duce the low-temperature limit correctly. Indeed, in our fo
mulation only the massless or very light particles contrib
for low T. In particular, around the minimum ofU nearx0
both the baryons and the vector mesons~or, equivalently, the
quarks and the gluons! are heavy and exponentially Boltz
mann suppressed. Only the pions are light and one exp
that they completely dominate the temperature effects at
T for x nearx0.

The effects of a thermal interacting pion gas are descri
by chiral perturbation theory@25# which predicts for the chi-
ral condensate10

x0~T!

x0~0!
5

^c̄c&~T!

^c̄c&~0!
512

Nf
221

Nf

T2

12f 2
2

Nf
221

2Nf
2 S T2

12f 2D 2

1•••. ~52!

Within the nonlinear setting of chiral perturbation theory o
can understand the temperature effects of the interac
pions on the chiral condensate in a straightforward way.
particular, it is obvious that the lowest two orders can on
depend on the ratioT/ f @25#. In order to describe the phas
transition and the high-temperature phase we are bou
however, to use a linear description for the scalar fields. T
correct reproduction of lowest order chiral perturbati
theory is not trivial in a linear setting and can be used a
test for the correctness of the particular formulation of t
mean field approximation.

In our picture we can parametrize the effective poten
in the vicinity of the minimumx0 by (U5U01DU)

U05
4

3
Ms

2~x2x0!2,

DU5~Nf
221!S 2

p2

90
T4

1
cG

24
T2]U0 /]~x2! D . ~53!

Up to thex-independent contribution;T4 this yields

U5
4

3
Ms

2 H ~x2x0!21
cG~Nf

221!

24

T2

x
~x2x0!J ~54!

and one infers that theT-dependent minimum is independe
of Msn

e

10Here we have neglected theT dependence of the wave functio

renormalization which relatesx and ^c̄c&.
3-10
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x0~T!

x0~0!
512

cGcF

4
~Nf

221!
T2

12f 2

x0
2~0!

x0
2~T!

. ~55!

With cGcF54/Nf @see Eq.~15!# we can verify that the lowes
order of an expansion in@x0(T)2x0(0)#/x0(0) corresponds
indeed to chiral perturbation theory. This shows the con
tency of our treatment of the scalar fluctuations as discus
in Appendix A. A lack of care in the treatment of the sca
fluctuations easily leads to inconsistency with chiral pert
bation theory even in lowest order. In fact, it is crucial th
the term;T2 in DU @Eq. ~53!# involves the derivative ofU0
without additional temperature corrections to the potentia

XI. NONZERO QUARK MASSES

We finally discuss the effect of the quark masses in
limit where they are all equal. A quark mass term adds to
potential a linear11 piece

U j5U01Um , Um52 j x~x2x̂0!. ~56!

Therefore the locationx̄0 of the minimum ofU1Um obeys
for arbitraryT

]U

]x
~x̄0!5 j x . ~57!

Here j x is proportional to the current quark mass and can
related to the mass of the octet of light pseudo-Goldst
bosons (p,K,h) by

mPS
2 ~T!5cG

]U

]~x2!
@ x̄0~T!#5

cG

2x̄0~T!
j x . ~58!

In particular,x̄05x̄0(0) is determined by the vacuum ma
mPS5mPS(0)

U08~ x̄0!5mPS
2 /cG . ~59!

Vanishing pressure in the vacuum~at T50) requires
U0(x̄0)1Um(x̄0)50 or

x̂05x̄02U0~ x̄0!/ j x . ~60!

For a small quark mass~small j x) both x̄0 and x̂0 are given
approximately byx0.

Near the chiral limit we can understand various qua
mass effects on the chiral phase transition analytically.

11We omit nonlinear quark mass corrections from the ch
anomaly here. We also observe that the linear term actually app

for the q̄q-color singlets and is transmuted tox only by integrat-
ing out s. This results again in a nonlinearity ofUm . We consider
Um as an approximation forT<Tc . There is actually only a single
and no octet condensate in the high temperature phase for non
ishing quark masses.
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~1! The vacuum expectation valuex0 increases and
U0(0)1Um(0) acquires an additional positive contributio

j xx̂0. Both effects enhanceTc .
~2! In the high-temperature phase the minimum occurs

xs(T)Þ0. For a first-order transition this reduces the diffe
ence betweenU j in the low- and high-temperature phas
and therefore diminishes somewhat the increase ofTc . Also
the quarks get a nonzero mass in the high-temperature p
hxxs(T). This decreases the pressure of the fluctuation
given T and therefore enhances the value ofTc needed in
order to compensate the difference inU j . For small j x this
effect is only quadratic inj x and the linear effect in
U j@xs(T)#2U j@x0(T)# dominates.

~3! As Tc and xs(Tc) increase with increasingj x , the
difference between the two local minima characteristic
the first-order transition becomes less and less pronoun
Finally, the transition line ends for a criticalj x,c at a second-
order transition, with crossover forj x. j x,c . The situation is
similar to the liquid-gas transition.

~4! In the case of a second-order transition forj x50 the
chiral transition turns to a crossover for all nonzeroj x .

In summary, nonvanishing quark masses enhance
critical temperature and make transitions less pronounc
The case of realistic QCD withmsÞmu,d is somewhat more
complicated since the expectation values in the hi
temperature phase differ in the strange and nonstrange d
tions. In case of a strong first-order transition this modific
tion is, however, only of little quantitative relevance. On t
other hand, one may envisage a situation where forms
Þ0,mu5md50 the critical behavior resembles two-flavo
QCD.

Our numerical evaluation ofU(x,T) is easily exploited
for nonvanishing quark masses. They only enter into the
termination of the location of the minima atxs(T) andx̄0(T)
via Eq.~58!. We indicate the vacuum properties for anoma
dominated potentials (Ran50.9) in Table II for the same
values of the input parameters as used in Table I. Comp
son between the two tables provides an estimate of the e
of nonzero degenerate quark masses. We employ@27# here a
‘‘realistic’’ average mass mPS

2 5(390 MeV)2' 1
3 (2MK

2

1Mp
2 ) which corresponds to the neglect ofSU(3)-violating

mass splittings in the pseudoscalar octet. We observe a
able increase off 5A7/9x̄0 and a corresponding increase
the baryon mass12 Mq5hx(m̄r)x̄0 and vector meson mas
m̄r5g(m̄r)x̄0 in the vacuum.

For all three potentials~A!,~B!,~C! we find a first-order
transition formPS5390 MeV. The critical temperatureTc is
increased substantially as compared to the chiral limit, as
be inferred from Table II.

The mass effect on the critical temperature is moderate
our instanton-induced potential~A! for which the increase ofl

ars

an-

12Our choice of the Yukawa coupling leads to too large values
the baryon mass in vacuum for the potentials~B!~C!. This is only of
little quantitative relevance for the results presented in this note
can be corrected easily by the choice of a smaller Yukawa coupl
3-11
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C. WETTERICH PHYSICAL REVIEW D66, 056003 ~2002!
about 10% is roughly consistent with a recent lattice simu
tion @7#. In this respect the instanton-induced potential co
puted in Ref.@14# does apparently much better than the tw
polynomial potentials~B!,~C! that we use for comparison
We point out, however, that the neglection of the quark m
effects for the instanton-induced interaction leads to a s
stantial uncertainty in the quark mass dependence at
present stage.

XII. Z3 VORTICES

In an attempt to find distinctive features of our scena
which could be tested by lattice simultations, we may look
topologically stable excitations. The octet condensate in
low-temperature phase indeed implies the stability of mac
scopicZ3 vortices. They are absent in the high-temperat
phase. In the early universe, such strings would have b
produced as topological defects during the QCD-phase t
sition. The string tension is typically of the orders;mr

2

such that Gs'(mr /M p)2 is tiny. Observational conse
quences of the production of typically one string per horiz
at the time of the phase transition are not obvious—in p
ticular such strings are not candidates for seeds of a l
galaxy formation.

As topological defects, theZ3 vortices correspond to th
nontrivial homotopy groupp1@SU(3)/Z3#5Z3. The color
octet~and singlet! scalars transform trivially under the cent
of the color group, similar to the gluons. Any classic
bosonic field configuration is therefore invariant underZ3
transformations. Once the color group gets ‘‘spontaneou
broken’’ by the octet condensate, theZ3 vortices become
topologically stable. As an example, consider a static vor
in the z direction with octet scalar field

x i jab5
1

2A6
x~r !~lz!ab@v†~w!lzv~w!# j i . ~61!

Herev is given by aw-dependent gauge transformation

v~w!5expS i

A3
wl8D ~62!

such that a rotation around 2p corresponds to an element o
Z3

expS 2p i

A3
l8D 5expS 2p i

3 D . ~63!

The scalar field is therefore well defined and free of sin
larities providedx(r ) behaves properly at the origin, e.g
x(r 50)50. For r→` we assume thatx(r ) approaches the
expectation valuex0 which minimizes the effective poten
tial, x(r→`)→x0. The potential energy of the string i
therefore concentrated in the core of the string, typically
radial sizemr . The nontrivial homotopy group tells us tha
no smooth deformation can change the nontrivial beha
for r→`. In particular, no~singularity free! gauge transfor-
mation can ‘‘unwind’’ the string.
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Without the gauge fields, the gradient energy per length
the configuration ~61!, namely, Egrad

;*drr 21]wx i jab* ]wx i jab;*drr 21x2(r ), would still diverge
logarithmically forr→`. We may supplement a gauge fie
in the w direction which becomes a pure gauge forr
→`@a(r→`)51,a(r 50)50#

Aw52
i

g
]wvTv* a~r !5

1

A3g
l8a~r !. ~64!

It is then easy to see that the covariant derivative vanis
for r→`:

Dwx i jab5]wx i jab2 ig~Aik!wxk jab1 igx ikab~Ak j!w→0.
~65!

The gauge field strength vanishes as well in this limit. We
therefore sure that the vortex has a finite string tension,
precise value depending on the shape of the functionsx(r )
and a(r ) which have to be determined by solving the fie
equations with the appropriate boundary values forr 50 and
r→`.

Actually, the topological situation which leads to stab
vortices gets somewhat more involved by the fact that b
color and flavor groups are broken simultaneously by
octet condensate. A color rotation in theZ3 element of
SU(3)c can be ‘‘unwound’’ by aw-dependent color-flavor-
locked rotation. This shifts the nontrivial topology from th
color sector to the flavor sector, more precisely to the n
trivial center of the diagonal flavor transformations fro
SU(3)L x SU(3)R . The topological stability due to the non
trivial homotopy groupp1 is not affected. Since QCD is
invariant only under global flavor transformations the vort
is, however, not invariant under coordinate-dependent co
flavor-locked transformations. The vanishing of the gau
covariant kinetic term for r→` occurs only if the
w-dependent rotation of the vacuum state is associated to
color sector.

In this context it is useful to recall the global structure
the symmetry group of QCD with three massless quarks.
infinitesimal transformations the symmetry group is

G5SU~3!c3SU~3!L3SU~3!R3U~1!B . ~66!

Global rotations in the center ofSU(3)c and the center of the
diagonal vectorlike flavor groupSU(3)V correspond to iden-
tical phase rotations of the quark fields. These transform
tions belong also to the Abelian groupU(1)B which is asso-
ciated to conserved baryon number. A direct consequenc
this global group structure is the triality rule: Color represe
tations in the class~3, 6̄, etc.! have baryon numberB
51/3 mod1 and electric chargeQ52/3 mod1 whereas the
class~1, 8, etc.! hasB51 mod1 andQ51 mod1. This ex-
plains why the physical fermions are baryons withB51 and
integerQ, since all physical states are color singlets.~Some
care is needed for the correct interpretation of the Hig
picture @11#.!

In a first look it may seem that the macroscopicZ3 vorti-
ces are not present in the confinement picture of QCD
3-12
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CONNECTION BETWEEN CHIRAL SYMMETRY . . . PHYSICAL REVIEW D66, 056003 ~2002!
contradiction to our assumption of equivalence of the Hig
and confinement pictures. This is, however, not obvious
gluodynamics~QCD without light quarks! the ZN vortices
are discussed as important configurations for the underst
ing of confinement@29#. Lattice simulations could establis
the existence of macroscopic vortices in the vacuum of th
flavor QCD and their absence in the high-temperature ph
Such a finding~or the contrary! may be interpreted as a
important test for our picture.

XIII. CONCLUSION

In conclusion, we have presented here a rather sim
picture of the high-temperature phase transition in QC
Both confinement and chiral symmetry restoration are as
ciated to the melting of a color-octet condensate at the c
cal temperature. The main phenomenological features of
picture of the phase transition are the following.

~1! For three light quarks with equal mass a first-ord
phase transition separates a low-temperature ‘‘hadro
phase’’ from a high-temperature ‘‘quark-gluon phase.’’ In t
chiral limit of vanishing current quark masses the quarks
gluons are massless in the high-temperature phase where
ral symmetry is restored. Color symmetry becomes a s
metry of the spectrum of pseudoparticles above the crit
temperatureTc . Below Tc both chiral symmetry and colo
symmetry are spontaneously broken. Chiral symmetry bre
ing generates a mass for the quarks which now appea
baryons. Eight massless Goldstone bosons signal the g
symmetry breaking. Local color symmetry breaking give
mass to the gluons by the Higgs mechanism. The gluons
identified with the octet of vector mesons (r,K* ,v). The
first-order transition is therefore associated with a jump
the vector meson mass~they become massless gluons forT
.Tc) and the baryon mass~they turn to massless quarks fo
T.Tc). Our picture of gluon-meson duality and quar
baryon duality allows us to describe the excitations relev
above and belowTc by the same fields. The first-order pha
transition extends to nonzero current quark mass, includ
values which lead in the vacuum to a ‘‘realistic’’ avera
mass for the (p,K,h) pseudoscalarsmPS5390 MeV
'A(2MK

2 1Mp
2 )/3.

~2! The effective multiquark interactions at low mome
tum or the corresponding effective potential forqq̄ bilinears
are presumably dominated by the axial anomaly arising fr
instanton effects. We can then relate the critical tempera
of a strong first-order transition to the mass and decay c
stant of theh8 meson. FormPS5390 MeV we find Tc
'170 MeV whereas the critical temperature is lower in t
chiral limit. For an anomaly dominated vacuum potential t
prediction for the chiral limit (mPS50) is independent of
many details and found in the rangeTc'1302160 MeV.

~3! A dynamical picture for an instanton-induced col
octet condensate has been developed recently@14#. This has
led to a computation of the octet potential which involves
running gauge coupling as the only free parameter. The c
acteristic features of the instanton-induced vacuum effec
potential are depicted by the potential~A!, Eq. ~4!. We con-
centrate in the following on this estimate. It is encourag
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that the predictions of the instanton-induced potential for
critical temperature, namely,Tc5170 MeV for mPS

5390 MeV andTc5155 MeV for mPS50, agree well with
recent lattice simulations@7#. One may interpret this as a te
for the idea of spontaneous color symmetry breaking by
stanton effects.

~4! For the equation of state in the quark-gluon phase
find at Tc a ratio between pressure and energy densityp/e
'0.13 formPS5390 MeV andp/e'0.19 formPS50. This
ratio approaches very rapidly the equation of state of a r
tivistic gas (p/e51/3) asT increases beyondTc .

~5! In the hadronic phase the screening masses of bary
vector mesons, and pseudoscalars show a strong temper
dependence asT approachesTc from below. NearTc the
chiral symmetry breaking contribution to the average bary
massMq'600 MeV is only about one half of the vacuum
mass and approaches a typical constituent quark mass.
the Higgs contribution to ther-meson mass is found substa

tially smaller than in the vacuumm̄r(Tc)'300 MeV. For
T.Tc the effective chiral symmetry breaking fermion ma
jumps to a small valueMq'40 MeV which is compatible
for mPS5390 MeV with common estimates for the avera
current quark massmq5 1

3 (ms1md1mu). The average
pseudoscalar mass is found asmPS(Tc)'180 MeV. It is
therefore substantially smaller than in the vacuum.

The present paper also contains a rather detailed dis
sion of a mean-field-type computation of the temperat
dependence of the effective potential. This has become
essary since a too naive treatment of the scalar fluctuat
has previously often led to incorrect results near seco
order or weak first-order phase transitions. The reason is
complicated infrared behavior of massless boson fluctuat
in thermal equilibrium. A second problem is the nonconve
ity of the perturbative effective potential which leads naive
to negative scalar mass terms. Most previous work has s
ply left out the scalar fluctuations because of the techn
difficulties associated with these problems. Nevertheless,
Goldstone boson fluctuations are important for QCD at l
temperature and near the phase transition, and we there
want to include them. Our prescriptions are based on less
from earlier more involved renormalization-group investig
tions and should include the most dominant effects. In p
ticular, they account correctly for the low temperature beh
ior as described by chiral perturbation theory and
consistent with the physics of a second-order phase trans
if this occurs. Our treatment can easily be taken over
other models.

Our approach to the high-temperature phase transitio
QCD still contains many uncertainties, which have been d
cussed at various places in this paper. In particular, a be
understanding of the effective potential in the vacuum an
separate treatment of the color octet and singlet condens
would be most welcome and probably needed for a study
finer aspects of the phase transition. This concerns, in
ticular, the interesting question about the existence and o
of a phase transition in ‘‘real QCD’’ with different strang
quark and up/down quark masses. An appropriate tool
this purpose seems to be a renormalization group study s
3-13
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C. WETTERICH PHYSICAL REVIEW D66, 056003 ~2002!
lar to the successful treatment@20# of the phase transition in
the Nambu–Jona-Lasinio model.

Nevertheless, we find the simple overall picture of t
chiral and deconfinement transition rather convincing and
quantitative results of a first rough computation encourag
We hope that this work can become a starting point fo
quantitative analytical understanding of the QCD phase tr
sition.
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APPENDIX A: RUNNING COUPLINGS

In general, the effective massesM appearing in theJ in-
tegrals ~18! depend on the momentumqW 2. This could be
expressed through a momentum dependence of the effe
gauge and Yukawa couplings. We want to avoid here
complications of momentum-dependent masses. Instead
dominant effects of the running couplings are taken into
count by the choice of an appropriate renormalization sc
m in Eq. ~11!. Corrections to this approximation are reflect
in the termDJG in Eq. ~17!.

For not too largem the integrals~19! are dominated by
momentaq2'(pT)2. We therefore may choose an approp
ate temperature-dependent renormalization scale

mT5Amr
21p2T2, mr

25g2~mr!x2. ~A1!

@Heremr
25mr

2(m5mr) refers to the vacuum with arbitraryx
corresponding to a possible presence of ‘‘sources’’ or qu
mass terms.# This choice ofmT is a valid approximation for
the fermion fluctuations and we therefore usehx

2(mT) in the
argument ofJF in Eq. ~17!.

For bosons the issue is more involved due to the infra
behavior of classical statistics. The first two terms in a Tay
expansionJB(0) and]JB /]M uM250

2 are dominated again b

momenta qW 2'(pT)2. The remaining integral ĴB5JB
2JB(0)2M2(]JB /]M2) uM250 receives, however, an esse
tial contribution from then50 Matsubara frequency whic
corresponds to classical statistics. The three-dimensional
mentum integrals of classical statistics are more infrared
gular than the four-dimensional integrals for the vacuum.
consequence, the remaining integralĴB is dominated by mo-
mentaqW 2'M2. This leads in perturbation theory to the s
called cubic term@24# which has played an important role i
the discussion of the electroweak phase transition@28#. Since
JB is not analytic atM250, a careful treatment of the long
distance physics is mandatory if one aims for quantitat
precision. For first-order phase transitions the momentum
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pendence ofM2 has only moderate effects for the gau
boson fluctuations13 and we chooseM25g2(mT)x2 in JB .

For the Goldstone boson fluctuations more care is nee
if one wants to be consistent with chiral perturbation theo
for low T and the correct behavior at a second-order ph
transition. We first include the gauge boson and fermion th
mal fluctuations. At this level the mass term for the Go
stone bosons is given by

MG,0
2 5cG

]

]~x2!
~U01DgU1DqU !. ~A2!

In a second step we take the scalar fluctuations into acco
Then only the complete mass termMG

2 ~12! vanishes at the
minimum of U(x,T). The thermally corrected~pseudo!par-
ticle mass termMG

2 is relevant for momentaqW 2&uMG
2 u and

we useMG
2 for the argument ofJG . On the other hand, the

high momentum part of the integralJG is dominated by mo-
menta where the thermal mass corrections from the sc
fluctuations are not yet important. ThereforeMG,0

2 ~A2! is
relevant in this momentum range. We account for this by
correction

DJG5
T2

24
~MG,0

2 2MG
2 ! f G~MG

2 /T2!, ~A3!

which effectively replacesMG
2 by MG,0

2 for the term;T2

which is dominated by momentaqW 2'(pT)2 if T2.uMG
2 u.

On the other hand, the factorf G reflects the fact that al
temperature fluctuations and therefore alsoDJG are expo-
nentially Boltzmann suppressed forT2!MG

2 . We choose
here a simple form (g50.5) which mimicks Eq.~21! for
largem2

f G~m2!5exp$g2@g41~m2!2#1/4%S 11
~m2!2

g4 D 21/8

.

~A4!

These prescriptions may seem somewhatad hocand techni-
cal. They find a deeper motivation from the study of t
renormalization flow in thermal field theories@19,20#. We
will see below that they guarantee agreement with chiral p
turbation theory for low temperature and avoid unphysi
singularities.

We finally have to specify the scale dependence of
gauge and Yukawa coupling. For the running gauge coup
we employ the perturbativeb function in three-loop order in
the MS scheme

bg5m
]

]m
g52b0

g3

16p2
2•••, b051122Nf /3.

~A5!

13For a second-order phase transition one may split the mom

tum integral inJB and useM25gT
2(mr)x2 for qW 2,(mr/2)2. Here

gT(mr) obeys an effective three-dimensional evolution formr

,pT @5#.
3-14
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CONNECTION BETWEEN CHIRAL SYMMETRY . . . PHYSICAL REVIEW D66, 056003 ~2002!
Our normalizationg(770 MeV)56 is suggested by the phe
nomenology ofr decays into pions andm1m2 @11#. For the
Yukawa coupling we use the one-loop renormalization-gro
equation

dhx
2

d ln m
52bhhx5

a

16p2
hx

42
b

16p2
g2hx

2 . ~A6!

Treating also the gauge coupling in one-loop order this
the solution

hx~m!5hx~m0!S g2~m!

g2~m0!
D b/4b0H 11

ahx
2~m0!

~2b02b!g2~m0!

3F12S g2~m!

g2~m0!
D b/2b021G J 21/2

. ~A7!

We use the approximation~A7! with b516 such that we
recover for smallhx the standard anomalous dimension f
the mass and take somewhat arbitrarily14 a51. The normal-
ization is fixed by Eq. ~11!, i.e., hx (770 MeV)
51.15 GeV/x0.

APPENDIX B: SECOND-ORDER PHASE TRANSITION

For an investigation of a possible second-order ph
transition in the chiral limit we concentrate on the behav
of U nearx250 or small values ofx2/T2. In the vicinity of
the critical temperature of a second-order~or weak first-
order! transition the Goldstone fluctuations play a role in th
region. The derivative of the temperature-dependent effec
potential becomes~in the range whereU8>0)

U8~x,T!5U081S ĝ2~mT!1
Nf

4
ĥx

2~mT!1
Nf

221

24
cGU09DT2

2S 3g3x

12bg /g
~mr!1

Nf
221

8
cG

3/2U9AU8D T

p
.

~B1!

Here we have improved our treatment of the gauge bo
fluctuations by usingg(mr) instead ofg(mT) for the low
momentum fluctuations corresponding to classical statis
~the term;T). Let us denote byT0 the temperature wher
U8 vanishes atx50, i.e., U8(0,T0)50. A second-order
phase transition atTc5T0 occurs if U8(x,T0) is strictly
positive for allx.0. In contrast, one has a first-order tra
sition if U8(x,T0) is negative for smallx.0. Then the point
x50 corresponds to a maximum ofU(x,T0) and the critical
temperature for the first-order transition is belowT0.

Consider first the potential~C! which is relevant for the
two-flavor case. Omitting for a moment the Goldstone bos
contributions and the running of the gauge coupling (bg

14A more accurate treatment would keep the color octet and
glet as separate fields. The evolution equations for the two res
tive Yukawa couplings differ.
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50), the term;g3xT in Eq. ~B1! would lead to a first-order
transition. This corresponds to the well-known ‘‘cubic’’ term
in the effective potential for the Higgs scalar in the ele
troweak theory. As has been discussed extensively in con
tion with the electroweak phase transition@22#, the infrared
physics of the gauge bosons responsible for this term ha
be handled with care. In particular, the running of the gau
coupling is crucial for a correct picture. For a runningg the
productgx5mr goes to a constantL(T) for x→0 and the
nonanalyticity inx2 disappears. We note thatx-independent
terms in Eq.~B1! only influence the location ofT0. Denoting
U9(0,T0)5gx one obtains for smallx and uT2T0u an ex-
pansion, with constantsc1 , c2, andNf

2215N,

U85gxx21c1~T22T0
2!1c2~T2T0!2

NcG
3/2

8p
gxTAU8.

~B2!

For T→T0 andx→0 this yields@26#

U8~r,T!5F 8p

NcG
3/2T0

@x21c3~T2T0!#G 2

~B3!

and describes15 a second-order phase transition. The critic
exponentn51 corresponds16 to the leading order of the 1/N
expansion in the effective three-dimensional theory@26#. An
improvement of the description of the critical behavior~with
more realistic critical exponents! needs to incorporate th
fluctuations of the neglected scalar modes~see Sec. IV! and
can be done with the help of modern renormalization gro
methods@19#. We conclude that a second-order chiral pha
transition forNf52 is compatible with our picture, provide
the infrared fluctuations of the gauge bosons are treate
the appropriate way.

For three massless flavors the presence of an effec
cubic term;x3 in the effective potential at zero temperatu
@Eq. ~5!# changes the situation profoundly. This term refle
the axial anomaly and is induced by instanton effects. T
term;2x always dominates the right-hand side of Eq.~B1!
for small enough values ofx since there is no competin
term linear inx. One infers the existence of a first-ord
phase transition for three massless flavors.

The vicinity of the critical temperature of a second-ord
or weak first-order transition is governed by universal beh
ior. The universality class is characterized by the symme
and the representations which remain~almost! massless at
Tc . For two-flavor QCD it is not obvious which are th
massless scalar representations at a second-order phase
sition. Furthermore, the gauge bosons behave essentially
free gas near the transition. Even though their low mom
tum classical fluctuations may acquire an effective ma
they will influence the nonuniversal critical behavior. Th

n-
c-

15A first-order transition is possible if a new minimum appea
before the runningg has reached the behaviorgx5const.

16This differs from high-temperature perturbation theory or chi
perturbation theory which would yield a ‘‘mean field exponent’’n
51/2.
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influence of the gauge bosons is characteristic for a simu
neous chiral and deconfinement transition and leads to m
fications of results obtained in quark-meson or Nambu–Jo
Lasinio models@20#. In view of the distance scales probed
lattice simulations, we find it rather unlikely that critical b
er

.

d

a
-

l.
.

05600
a-
i-

a-

havior in the standardO(4)-universality class will show up
there. This is independent of the interesting question w
would be the true universality class of a second-order tr
sition in two-flavor QCD, as seen at very large correlati
length close toTc .
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