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Connection between chiral symmetry restoration and deconfinement
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We propose a simple explanation for the connection between chiral symmetry restoration and deconfinement
in QCD at high temperature. In the Higgs description of the QCD vacuum both spontaneous chiral symmetry
breaking and effective gluon masses are generated by the condensate of a color octet quark-antiquark pair. The
transition to the high-temperature state proceeds by the melting of this condensate. Quarks and gluons become
(approximately massless at the same critical temperature. For instanton-dominated effective multiquark inter-
actions and three light quarks with equal mass we find a first order phase transition at a critical temperature
around 170 MeV.
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I. OCTET MELTING fective “gluon propagator” are of the order of the tempera-
ture or smaller. We do not deal in this paper with
Lattice simulations for QCD at high temperatddg find  temperature-dependent changes in the heavy quark potential
empirically that chiral symmetry restoration and deconfine-and temperature effects in the dynamics of string breaking.
ment occur at the same critical temperatiig[2]. Suffi- On the other hand, the chiral properties of QCD are also
ciently belowT, the equation of state is rather well approxi- expected to undergo a rapid change at some temperature. The
mated by a gas of mesons. Gluons and quarks or baryoRgcuum is characterized by a chiral condensate of quark-
play no important role. Abovd. the dominant thermody- antiquark pairs. This order is destroyed at high temperature
namic degrees of freedom are gluons and quarks. The changggd chiral symmetry is restored. For vanishing quark masses
in the relevant number of degrees of freedom occurs rathehis implies a true phase transition. In this case chiral sym-
rapidly and may be associated with a thermodynamic phasgetry restoration at high temperature is signaled by a van-

transition[3]. _ishing order parameter. At high temperature the massless

The wransition to the high-temperature state of QCD isq a5 contribute to the free energy as a relativistic gas with
often called the “deconfinement transition” since the gluon

. o 3N; fermions whereas below a critical temperature the fer-
modes with momentp?~ (7 T)? characteristic for a thermal f P

state behave at high temperature close to a gas of free parp_mnlc degrees of freedom appear as massive baryons with-

ticles. (For experimentally accessible temperatures above thgm much relevancg f(_)r thermodynamlcs. .Thls quahtatl\_/e
phase transition substantial corrections to the equation oqhange in the fermionic (_:on_tr|but|on remains true also N
state of a relativistic gas remain presgfhis also holds for Presence of small nonvanishing quark masses. We associate
the fermionic degrees of freedom which appear essentially d5€ chiral transition at higf with a rapid decrease of jump
free quarks. Having a closer look, the picture of weakly in-In Fhe chiral order pgrameter and the appearance of a relativ-
teracting gluons is actually somewhat oversimplified. In fact,/Stic quark gas contribution to the free energy.
the long-distance behavior of the time-averaged correlation The qualitative feature that at high-temperature decon-
functions in high-temperature QCD corresponds to a “confinement and chiral symmetry restoration come in pairs is not
fining” three-dimensional effective theofy] with a strong much of a mystery: modes with momental' dominate the
effective coupling and a temperature-dependent “confinethermal state and the interactions between these modes be-
ment scale”[5,6]. Furthermore, the transition between con- come comparatively weak. Symmetry restoration at Aigé
finement and weakly interacting “free” quarks is less dra-a common phenomenon. It is a longstanding puzzle, how-
matic than it may seem at first sight. In particular, it need notever, why deconfinement and chiral symmetry restoration oc-
be associated with a true phase transition. In the presence ofir quantitatively at the same temperature. Analytical ap-
light quarks, the temperature-induced changes in the longsroaches that have been investigated so far either concentrate
distance behavior of the heavy quark potential are only quaren the quark degrees of freedom—for example, in the con-
titative [7]. String breaking occurs for arbitrary temperature.text of Nambu—Jona-Lasinio mod¢B)]. This reflects impor-
Nevertheless, one expects a temperature range where ttent aspects of the chiral transition but fails to describe the
properties of strong interactions change rapidly, reflectingeffects of confinement and the thermodynamic equation of
“deconfinement.” We associate “deconfinement” here with state of QCD. Other models deal with pure QCD without
the transition to a thermal equilibrium state for whidh the  including the important aspects connected with the presence
bosonic contribution to the free energy can be approximatedf light quarks. So far we are not aware of any successful
by the one of a free gas of eight massless spin-one bosongiantitative analytical description accounting simultaneously
and, correspondingly(2) possible masslike terms in the ef- for the deconfinement and chiral symmetry restoration as-
pects of the QCD phase transition. In view of the vast ex-
perimental effort§9] and the important progress in numeri-
*Email address: C.Wetterich@thphys.uni-heidelberg.de cal simulations[10,7] even an oversimplified analytical
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description of the most salient characteristics of this transicompletely restored fof >T, leading to a true phase tran-
tion would be very welcome. sition characterized by the order parameter of chiral symme-
One of the main difficulties for any analytical description try breaking. The critical temperature for the phase transition
are the different relevant degrees of freedom above and bés the “melting temperature” for the octet condensate. The
low the critical temperature. Whereas for higha gas of “deconfinement temperature” and “chiral symmetry restora-
quarks and gluons becomes a reasonable approximation, tHen temperature” are therefore identical. As a consequence
low temperature physics is described by an interacting pioff the change in the order parameter the quantum numbers of
gas with far fewer degrees of freedom. The fermionic dethe exmtajuons in the “hadronic phase” far<T., differ from
grees of freedom at low are baryons which are Boltzmann the ones in the “quark-gluon phase” far>T.. -
suppressed. Any quantitative analytical description must be Quark mass effects modify the details of the transition.
able to describe both gluons and pions as well as quarks ari?’, @ more quantitative description of “octet melting” we

baryons simultaneously. This is mandatory at least in thé)mit in this paper the difference between the current quark

vicinity of the critical temperature which is precisely charac-M2sS€s and conS|dgr .three I|ghF quark_ ﬂavors. with equal
?ass. For our quantitative analysis we will need information

;enzc?d bB: the tr?hnsm_?ﬂ from or:le set of dog‘ﬂ?‘”‘ degrtees %Lbout the condensates in the vacuum which are related to the
reedom to another. 1ne recently proposed Higgs PICIUre Of, ., of the effective quark interactions. We investigate a

the QCD vacuuni11,12 offers such a possibility since all ;iher wide class of effective multiquark interactions induced
relevant degrees of freedom are described at once.AreasoBy instanton effects. In the chiral limit of three massless
able picture of the QCD-phase transition may also serve as g,arks we find a first-order transition with critical tempera-
test for these ideas. _ _ ‘ture T;~130- 160 MeV. In this limit the mass of the eight
In this paper we propose a simple explanation of the Sipseudoscalar Goldstone bosons,K,7) vanishes at low
multaneous occurrence of the deconfinement and chiral trallamperaturenps=0. For realistic current quark masses cor-

sition and present first quantitative estimates. Our eXpla”ar'esponding to a nonzero average pseudoscalar mé,gs
tion is based on the proposed new understanding of the QCQ(ZMQ +M2)/3, we again get a first-order transition with a
vacuum by “spontaneous breaking of color” or gluon-meson K o

. L somewhat largel .~170-180 MeV.
duality [11]. In this picture O.f the vacu.umthe condensgip In this note we do not deal explicitly with the color-
of a color octet quark-antiquark pair leads to spontaneougin

: glet quark-antiquark pair which plays a subdominant role.
breaking of the color symmetryAs for the electroweak he relevant thermodynamic potential is then given by the

. . . T
standarq model there eX'StS.an equivalent gauge .'nva”a%mperature—dependent effective potential for the octet con-
formulation) The gluons acquire a mass(x) by the Higgs ensate

mechanism and become integer charged. Gluon-meson dual-
ity associates the massive gluons with the physical vector Uly.T)=U FAUx.T 1
mesonsp, K*, andw. This is possible since they carry the (e T)=Uolx) (x:T)- @

appropriate integer electric charges as well as isospin anﬂ U des i b ic | ¢ —
strangeness. Also the quarks carry integer charges after spo greto €ncodes In a bosonic )anguage for s.cajqrco_m— .
osites the information about the multiquark interactions in

taneous color symmetry breaking and can be associated wit hereas U s for the th | fluct
the baryons [§,n,A,3,E) plus a heavy singlet. They be- "¢ Vacuum, where accounts for the thermal fluctua-

come massive due to the spontaneous breaking of the chir%]PnS- We useka scalar fli(ebdij.,ab“_;;]/{jbdiai— :%é‘r/fkb;/fakfsijdlfor
- o the octet quark-antiquark pair withj=1- - -3 color indices

flavor symmetry by x) and a similar singlejq condensate. - Ce )
This association between quark fields and baryons is calleand E’bl_:l N '_Nf .fla.\vor 1|Lfr'1d'|ces for mlasslesﬁo ' Il'crght).
guark-baryon duality. It is the analogue of color-flavor lock- qUarKks. ror f_3_'t Is sufficient to evaluate the effective
ing [13] for a high baryon density. potential for the direction of the condensafd |

It has been argued on phenomenological grodtdisthat
the dominant contribution to spontaneous chiral symmetry
breaking arises from the octet condensgte. The same
condensate therefore explains both confinement and sponta-

neous chiral symmetry breaking. In this description the solujn the limit of three equal quark masses this condensate pre-
tion to the puzzle why deconfinement and chiral symmetryseryes a vectorlik€ U(3) symmetry which contains the gen-
restoration are connected becomes obvious. At some critic@yators of isospin and strangeness.

temperatureT . the value of the octet condensdte) drops We emphasize that in our picture the thermodynamic
rapidly. At this temperature the mass of the gluons thereforguantities depend on the number of light flavors in an impor-
drastically decreases and the deconfinement transition haggnt way. For example, the vacuum condensates for two-
pens. In the limit of three massless quarks the expectatiofzyor QCD (N;=2) are discussed in Ref12] and differ
value(y) exactly vanishes dl, reflecting chiral symmetry  gypstantially from the three-flavor case. Needless to say that
restoration.  Typically, the color-octet and -singletin absence of light quarks the chiral aspects of the phase
gg-expectation values influence each other. In particular, atransition are completely different. We restrict our discussion
octet condensate always induces a singlet condensate. Here to the realistic casé;=3. Quark mass effects are taken
seems plausible that both the octet and singlet condensati&go account except for thB U(3) violation due to the mass
vanish simultaneously fof>T, . Then chiral symmetry gets differences. The thermodynamic quantities of interest can

1 1
<Xij,ab>:%)((5ia5jb_§5ij 5ab)- (2
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then be extracted from the behavior of the minima oftheory for low enoughl. Section Xl discusses the effects of
U(x,T). For T=0 the minimum occurs for a nonvanishing nonvanishing current quark masses. We consider equal cur-
octet condensatg,#0. As the temperature increases, therent quark masses which correspond to an average mass of
thermal fluctuations induce a new local minimum at the ori-the pseudoscalar Goldstone bosdfiss=390 MeV. Up to

gin x=0. At the critical temperaturg the two minima are  SU(3)-violating quark mass differences this corresponds to
degenerate. The discontinuity characteristic for a first-ordeg realistic situation. We find.=170 MeV, again consistent
phase transition corresponds to the jump to the absolutgty |attice simulationg7]. In the low temperature phase the

minimum aty=0 for T>T,. Higgs contribution to the mass of the vector mesons de-

The remainder of this paper is devoted to a more detailed gases substantially as the temperature increases. In the vi-
estimate ofu(x,T). We will employ a mean-field-type cal- iniry of T_ we find a Higgs contribution to the average

culation which takes into accou_nt, nevertheless, the most IMJector meson mass 300 MeV and to the average mass for
portant effects of the strong interactions. We will devote

some care to the proper implementation of the mean ﬁelélhe light baryons=~600 MeV. Thosg have to be supple-
calculation despite the fact that some other approximationgqeme‘j by thermal mass contributions. A decrea§e of the
in our approachsuch as the effective vacuum potentied- vector meson mas§15] may.be relgyant fof the d|Iepton
main rather crude. The reason is that we want to describgP€Ctrum observed in heavy ion collisions. Finally, we inves-
correctly the interacting pion gas at low temperature within &/9at€ in Sec. Xl a possible lattice test of our scenario by
linear formulation. The linear formulation is necessary for aéStablishing the existence of stallg vortices in the low-
description of symmetry restoration @, since forT>T, tgmperature phase. Section XlIII summarizes our conclu-
the Goldstone bosons are combined with thescalar into ~ SIONS.

linear multiplets of the flavor group. On the other hand, the

nonlinear Goldstone excitations dominate the free energy at

low T and chiral perturbation theory gives a valid descrip- Il. VACUUM-EFFECTIVE POTENTIAL

tion. We will see that a linear mean field description easily ,
leads to incorrect results for the nonlinear excitations unless | he effect of the thermal fluctuations has to be compared

done with sufficient care. Furthermore, we do not want toWith the vacuum-effective potentialo(x) for the octet. We
obscure the possibility of a second order phase transition byill not need here many details of the precise shap®l @f
using a method which is too rough. Again, unless the bosonid he most important parameter for the determination of the
degrees of freedom are treated with care, a mean field congritical temperaturdl; for the phase transition will turn out
putation can easily produce a spurious first order jump eveto be the differenced(0)—Ug(xo), with xo the vacuum
in a situation of a second order transition or a crossover. Thisxpectation value of the octet. To be specific, we concentrate
is well known from the study of scalar field theories or the here on an instanton-induced potential which is motivated by
electroweak phase transition. the observation that instanton effects are a plausible candi-
Our paper is organized as follows. Section Il addressegate for the dynamics that lead to a nonvanishing octet con-

the form of the vacuum potentido(x), which was esti-  yensatd14]. Beyond the octeiq-condensate realistic QCD

mated previously14] by an instanton calculation. In Sec. IlI ibits al ishi lor-si d i

we discuss the dependence of the masses of the most relevﬁfp' IS alSo a nonvanishing co or—smgtqzq—con ensater.

excitations on the octet condensate This is the basis for In order to concentrate our discussion on the essential as-
Jects, we assume here thatis “integrated out” by solving

our mean-field-type calculation of the temperature effect e . >
AU(x,T) in Sec. IV. A first summary of quantitative results its effective field equatiohas a functional of. We take here

for the chiral phase transition is given in Sec. V in the chiralo~ x (in the relevant rangesuch that alfjq condensates are
limit of massless quarks. For the instanton-induced potentiag&ccounted for byy. -

Uo(x) proposed in Sec. Il we find a critical temperatdige For Ny=3 and small values ofiq the instanton effects
=154 MeV, consistent with lattice estimated. Section VI |ead to a cubic ternty,,~ x3~ (qq)®. For large values of

is devoted to the high-temperature phase and the equation gfe nonvanishing gluon massy leads to an effective infra-
state. Sufficiently abové&. one observes a weakly interact- red cutoff for the instanton interactions, resulting lf,
ing gas of gluons and quarks. In Sec. VIl we present analyti-_, -11 [14]. A first quantitative estimate of the instanton-

mass of thep' meson and its decay constaitby view of the uncertainties of this estimate we will be satisfied
. 2 20— 14 here with a simplified version which respects the asymptotic
T¢=0.013v iR (3)  properties for small and large

with R<1 a constant of order 1.

We turn to the value of the chiral symmetry-breaking or- iThe effective kinetic term and interactions of thefield include
der parameter in the low temperature phase in Sec. VIII. Thigherefore contributions from the color singlet fiaidas well. In a
needs a meaningful treatment of the Goldstone boson fluawo-field language a nonzere is necessarily generated fgr~0

tuations which we propose in Sec. IX. In Sec. X we verify by terms~ o x? present in the contribution from the chiral anomaly
that our prescriptions are consistent with chiral perturbatiorfor N;=3.
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14 3 x\¥? n' meson. This is the basis for an interesting connection
(A)iUo(X)Z)\[ - 1—1RanXo)(3[1Jr 1_1( ) } between the critical temperatufg on one side an¥ ,, and
f, on the other side which will become apparent later.
The vacuum octet condensaggis related to the effective

gauge couplingg and the vector meson mags, by u,

i o =g(;p)Xo. The couplingg(;p) can be estimatedL1] from
The instanton contribution is the oneR,, and we have the p-decay width into two pions or charged leptons and we

added another_contnb_uuow(l—Ran) whl_ch arises from chooseg(770 MeV)=6. For; —770 MeV this yieldsy,
nonanomalous interactions not related to instantons, such as, ; P o ; K
~130 MeV. [In view of the uncertainties of this estimate

for example, multiquark interactions mediated by gluon ex- — "
change. Presumably the vacuum potential is dominated b§ne could also trea(s,) as an unknown parameter within
instanton effect§14] such thaR,,, is expected to be close to & certain range around the estimate abpVke coupling\ is
1. In our conventiong is real and we have parametrized the "OW determined by
potential such that the absolute minimumlgf occurs aty, _
. 4 L. . . R*leMZ 4 f2M2
with Ug(x=0)=\x,,A>0. The additive constant is fixed ~ Ran Mo g%(u,) TeM, 9
such that the pressure vanishes in the vacuum. In the absence N 2.4 T N2 T4 ©)
o . 2Nfxo 2N{Ra, My
of quark masses this implidg,(xo)=0.
In order to investigate how sensitively our results dependynother characteristic quantity for the vacuum potential is
on the precise s_hape _of the pptentlal, we con5|derl\1_‘pr the mass of ther resonance given By
=3 also a potential which only incorporates the breaking of
the discrete symmetry— — x by the anomaly, without hav- 3
ing the correct asymptotic behavior M§=—82U0/8X2|X0. (10

8
(B):Uo(x) =MRan(3x*—4xox®) + (1= Ran) (x*— 2x5x?)
° Rar ° an 0 Phenomenology indicatéd ,~500 MeV for realistic values
+ X0} (5)  of the quark masses.

Xo

: (4)

+(1=Ran) (X*—2x3xD) + X4

Finally, we compare our results also to a quartic potential Il EFEECTIVE MASSES
(C):Ug()=Mx*—x5)% (6) We will evaluate the temperature-dependent part of the
) ) i o effective potentialAU(x,T) in a generalized mean-field-
The quartic potentiglC) is characteristic for two-flavor QCD  type approximation. In a strong interaction environment rea-
(Ny=2) (or for three flavors with small effects of the chiral gonaple results can only be obtained if the dependence of the
anomaly. We emphasize that the investigation of the poten-ffective particle masses on the mean field and the momen-
tials (B) and(C) serves mainly the purpose of an estimate ofy,y scale is dealt with some care. In particular, the strong
uncertainties or errors from the unknown details of the Shap?unning of the couplings should not be neglected. Further-
of Uy whereas we considéA) as a more reali_stic potential. more, we want to be able, in principle, to distinguish be-
As we have already mentioned, the dominant parametéfyeen a first or second-order phase transition. In this respect
for the characteristics of the chiral phase transitiod i¢0). it is crucial that the Goldstone bosons are treated correctly,
This measures in our convention the potential difference besince otherwise a second-order transition may be obscured
tween the chiral symmetric state a0 and the vacuum at py an insufficient approximation. This is not trivial in a mean
X=Xo- It gets a contribution from the chiral anomaly fie|d treatment of a linear model and we devote some atten-

Uan(0) and we have in our parametrization tion to this issue in Secs. IX—XI.
1 More precisely, we include the effects of the fluctuations
Uo(0)=RanUan(0). () of the gluons, quarks, and pseudoscalar Goldstone bosons.

Since in the low temperature phase gluons are associated to
. . _ vector mesons and quarks to bary¢hs], these fluctuations
anomaly, i.e., the part-Rg, in Egs.(4) or (5). The size of e all light particles. Our approximation is formally
the chiral anomaly in the vacuub,,(xo) —Uan(0) is given  gqjivalent to a gas of noninteracting massive particles. How-
for our simple potential4) by —U,,(0). Itis directly re-  gyer the effects of the interactions appear indirectly through
lated [11,16] to the mass of the;’ mesonM ;=960 MeV e dependence of the particle masses on the mean field and
and its decay constarij~150 MeV the momentum scale. In particular, the gluons and quarks
have y-dependent masses

Here we denote byJ,,(x) the contribution of the chiral

M7, 1 P
U,,(0)= =—X10° GeV". 8
w07 TN ® K2 =t M2 =h2(wx? (1D

The parameterR,, is essentially fixed for instanton-
dominated multiquark interactionRg,~1). This sets the  2This holds if the contribution of the color singlet to the kinetic
scale forUg in terms of the mass and decay constant of theerm of y is small.
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where we take into account the running of the gauge and 1 (T) (0)

Yukawa coupling. The running of the couplings and the J(MZ.T):E(f In(q$+M2)—f In(q®+ MZ))

choice of the renormalization scaleare specified in Appen- q a

dix A. From the average baryon mass in vacuwh,

=h (u,)xo=1150 MeV we extraéth (u,)=9. Beyond R

theXr(lﬁprZi)r(\% couplings further effects Xcgf'utprze interac){ions ofwith ng)=T2nf[d3q/(2w)3], ft(qo):f[d4q/(2”)4]’ o

the gluons are omitted. We neglect here, in particular, the=(27nT)2+q? g?=q3+q? For the bosonic fluctuations

thermal mass corrections which contributg T to a chirally ~ Jg andJg the sum is over integer Matsubara frequencies

invariant quark mass and the gluon mgg®r simplicity, we  In contrast, forJr the Matsubara frequencies are half integer

also have neglected the mass splitting between the baryoamd therefora$:(2n+ 1)« T, ne Z. The integralslg and

octet and the singlet which are described by the nine quarksJ. reflect the difference between the one loop expressions
For the Goldstone bosons the squared mass is given for aetween nonzero and zero temperature for a given “back-

T by the derivative of the potential ground field” y. They are well known in thermal field theory

[17]

(18

U 36 U
G 2 7N, :
a(x? "Nt a(x?

MZ=cgU’'=c (12

daq’ —
> In[1—exp— g+ M?/T)],
r

JB<M2,T):TJ |
02

Also the effective meson decay constant dependg on

7 2
2_ 2_" 2 d
F=cex’=gx"~ (13 qqzln[1+exq—\/q7+M2/T)],
ar

JF(MZ,T)=TJ
o2

As chiral symmetry restoration is approached for 0 the (19)
effective decay constant decreases. The same holds for the

chiral condensatéy )~ y. We note that the general relation and can be expressed in terms of dimensionless integrals
with m*=M*/T

2x U
fZMéz—X— (14)

N dx T (=
o JB(F):_zj dag?in[1F exp(— Vg?+m?)]. (20
implies 2m=Jo

4 . :
CGCF:N_f (15) We observe the Boltzmann suppression for large.e.,
independently of the individual constahts; andce . . — T (m\¥
independently of the individual constahts; andcg lim JB(F):(+)2\/§ 2 e m 21)
m— o

IV. THERMAL FLUCTUATIONS

The various contributions of the thermal fluctuations are The fluctuation integral; for the Goldstone bosons has
now evaluated as to be handled with care sind'rel?3 may be negative for a
certain range of. The Goldstone boson maMsé vanishes
AU=AU+AU+AU (16)  at the temperature-dependent minimum of the potential
_ xo(T). [In our notationyy(0)=x, corresponds to the pa-
with rameter appearing in the zero-temperature effective potential
(5).] The physics of the “nonconvex region¥< xo(T),
AgU=2435(9%?), AqU=—12NJe(hix?), where our approximation leads t@U/d(x?)<0, can be
properly discussed18] only in the context of a coarse-
ASU=(N$—1)[JG(M2)+AJG]. a7 grained effective action as the effective average action
[19,20. We give here somedd ho¢ prescriptions which
Here we have defined the integrals catch the relevant physics for mastot all) situations. For
negativeU’ the fluctuations with momeng< —U’ should
be replaced by spin waves, kinks or similar “tunneling” con-
*Note that actually onljV4(x=0)=0 andM4(x=xo) =M are figurations which fluctuate between different minima of the

known. They dependence of4(x) could be more complicated potential [18]. Here we simply omit the fluctuations with

than the ansatz used in EG.). q2<—U’. As a consequencelg equals;]B for U'=0,
“The values used in Eq&12) and(13) neglect the contribution of ~ whereas the lower integration boundary &pin Eg. (20) is
the singletqq condensate. replaced bylm| if m? is negative. With

056003-5



C. WETTERICH PHYSICAL REVIEW D66, 056003 (2002

( JB(MZ,T) TABLE I. First-order phase transition in the chiral limingg
=0).
for M?=0, )
_ itical temperature
JG(MZ,T)— { T4 . - (22) 7VaCUUm o Cri
o2 fo dyyyy*+|m?[in(1—e™) Uo w, | M, To u899(r) MPS(T) (T
[ for M2<0 A 700 68 1570 154 290 580 0.37
B 770 113 580 134 440 700 0.66
we observe thatlg is continuous inM2. For M?<0 the € 770 113 480 131 450 720 0.71

contribution of the Goldstone fluctuations is enhanced as
compared to a gas of massless free particles. Finally, the
correctionAJg in Eq. (17) is related to the appropriate treat- V. HIGH-TEMPERATURE PHASE TRANSITION FOR
ment of the running couplings and specified in Appendix A. VANISHING QUARK MASSES

Our treatment of the composite scalar fluctuations leads to . o given form of the vacuum potentidh, the tempera-
some shortcomings. The perhaps most apparent one concegs,

he behavior of\U highT. In thi on the af e dependence of the effective potential and the
the behavior o or very hign 1. n this region t € giuons temperature-dependent masses of the pseudoparticles can
have only two helicities and the factor 24 multiplyirdg

now be computed. We concentrate here on a potential that is

should be replacedzby 16. In fact, a more correct forml"I""tiOQ:Iominated by instanton effects reflecting the chiral anomaly
would treat the 2Ig—1) transversal gluon degrees of free- ;4 takeR,,=0.9 in Eq.(4). In Table | we present for the

dom separately from the longitudinal degrees of freedomepiral limit (vanishing current-quark massebe values of

The latter ones are associated to the scalar sector by t — .
e vector-meson mags, (input), the decay constaritand

"

Higgs mechanism. In contrast to the fundamental scalar iftln .

the electroweak sector of the standard model the gctsta t eo massM, f‘.)r the vacuum. The results for the instanton-
induced potential are denoted Ig§). For our parameters

composite and the scalars should not be counted as indepen-"""" — : e
dent degrees of freedom at highIn a more complete treat- realistic values ofx,, f, andM , are obtained for a realistic
ment this is realized by larg&-dependent mass terms for all @verage current quark magsee Sec. Xl, Table )l They
scalars which suppress their contribution effectively for largediffer from the chiral limit shown in Table I. In order to
T. The neglect of this effect in our rough treatment leads tdnvestigate the influence of the uncertainties in the vacuum
an overestimate of the bosonic contribufia largeT by a  Potential on the thermal properties, we also compare with
factor 3/2. corresponding results for the potentiédl), (C) in Egs.(5),

On the other hand, in the low temperature region we havéb)- [For the potentialgB),(C) we have not optimized the
neglected bosonic contributions from theresonance or the input parameterg,,g(x,),h,(u,) with respect to the ob-
scalar octet&™, etc) which have a similar mass as the vec- served particle masses for nonzero current quark mgsses.
tor mesons. This results in an underestimate of the bosonic As the temperature increases, we find a first-order phase
contribution which is particularly serious near a second-ordetransition. The critical temperatufg, is indicated in Table I,
or weak first-order phase transition. At a second-order phasas well as the Higgs contribution to the mass of the vector
transition all scalars contained in an appropriate linear repmesons and baryons slightly below the critical temperature
resentation become massless. In the chiral limit the minimaﬂ;f)SSB(Tc) andMgSSB(TC)]. We observe that the decrease

set are 144 real scalars foi;=3 and 32 real scalars 2for of the effective masseEP(T) and Mo(T) for increasing
N¢=2. Ir21 contrast, our treatment accounts only fMc( temperature is largely determined by the temperature depen-
—1)+(Nf—1) massless scalars at the phase transition.  gence of the effective gauge and Yukawa couplings and only
Another shortcoming is the neglect of temperature effect$o a smaller extent by the decrease of the expectation value
in the instanton-induced interactions. They become imporXO(T)_ We observe that the true screening masses get tem-
tant for 7T~ u, and can be neglected for loW It is con-  perature corrections which increasel and become impor-
ceivable that these effects influence substantially the detailgnt neafT, . Also the maximum of the vector meson spectral
of the phase transition. Despite all that we remind that thgunction, which is relevant for dilepton production, differs
grOSS features Of the equation Of state and the Value Of thﬁom the screening mass. AB increases beyond’c, the

critical temperature are relatively robust quantities. We will gpsolute minimum ot (, T) jumps toy=0 and the gluons
see below that an error of 20% in the number of effective

degrees of freedom in the quark-gluon phasé_anfluences
the value ofT, only by 5%. A similar statement holds for a
20% error in the estimate dfl3(0)—Uq(xo). For a first
rough picture of the implications of the color octet conden- vacuum critical temperature
sate on the chiral phase transition our approximation of th%o — Y T a0SS9(T) MESB(T) Ty
thermal fluctuation$16) seems therefore appropriate. ali ’ ) ¢ d ¢ ¢

TABLE II. First-order phase transition for realistic average
guark massesnfps=390 MeV).

A 770 116 460 170 290 600 0.53
B 800 132 770 180 470 800 0.77
SThe suppression of the Goldstone boson contribuligrat large  C 810 142 660 183 490 840 0.77

T is included properly in our approximation.
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and quarkgor vector-mesons and barygriecome massless e—3p Uo(0) T p 1-7
in our approximation. The equation of state approaches rap- 7= ~0.192—— = 7-(TC)_C, —=
idly the one for a free gas of gluons and quafkse Sec. VI T T4 € 3+7
for details.

Since the potential&B),(C) are qualitatively quite differ- We have indicated the value a{T.) obtained from the nu-
ent from(A), we believe that the rangg,~130—160 MeV  merical evaluation of Eq(16) in the chiral limit in Table |
roughly covers the uncertainty from the choice of the(and for realistic quark masses in Table Il in Sec).Xlhe
vacuum potential,. We note that the critical temperature small value ofr for the instanton-induced potentiéd) im-
for the instanton-induced potentigh) comes close to the plies that the equation of state for a relativistic plasma is
value T,=154+8 MeV suggested by a recent lattice simu- particularly rapidly approached as the temperature increases
lation[7]. If we include only the transversal gluon degrees ofbeyondT.. The fast turnover to a relativistic plasma is con-
freedom for y=0 (see Sec. IY the value of T, becomes sistent with findings in lattice gauge theories.

p . (28

somewhat larger by about 4%. In a more accurate treatment the free energy of the quark
gluon gas and the Stefan-Boltzmann law receive additional
VI. HIGH-TEMPERATURE PHASE perturbative corrections also for large The dominant cor-

) ) rections can be incorporated in our picture by adding the
The results of a numerical evaluation U(X,T) can be temperature dependent mass terms in (Em)_ [21] We em-
understood qualitatively by simple analytical considerationsphasize, however, that the contributierld 5(0) in Eq. (24)

For Iarge temperature=M the integrals] are dominated by remains as an important nonperturbative effect.
their values aM =0:

2 72 VIl. CHIRAL PHASE TRANSITION
—onTH J(OT)=—cT% (23 : " "
90 720 For a first-order transition the critical temperatdrecan
be related tdJy(0). Let usdenote the value of the potential

If the minimum ofU for large T occurs aty=0, the gauge i, the hadronic phase &, by Ussg=U[ xo(T.)]. Equating
bosons and quarks are effectively massless. The pressureti§s with Eq.(24) yields

then given by

Jg(0,T)=Jg(0,T)=

1672 12N 72 (7
p=—U(y=0)= Ta (—)T4—u0(0). Te

- 45( 21N,
90 90 |8
(24

-1
Py +¥) [Uo(0) —Ussd, (29

. h I ¢t where we have neglectefl,U since the Goldstone boson
We recognize the contribution of a free gas oN2€1)  fcrations are not relevant &t=0 for a sufficiently strong

=16 bosonic and M:N=12N; fermionic massless degrees i order transition. As long a¥, remains much smaller
of freedom. The scalar patt U is subleading and will be

neglectedsee Sec. IY. The negative contribution-Uqy(0 . . . .
g d Y ¢ o(0) MgSSB in the phase with broken chiral symmetry, their con-

= —)\XS accounts in our approximation for interaction ef- .4 .
rlJbut|on to Uggg remains strongly Boltzmann suppressed

fects related to the octet condensation. It becomes irrelevarﬁ . >
only for largeT whereas for temperatures né&rits effects see Table )l For a strong first-order phase transition the
quantity Ugggis therefore dominated by the fluctuations of

cannot be neglected. For largethe pressure approaches )
v ge P PP the N?—l Goldstone bosons. Ifyo(T) is close to g

rapidly the Stefan-Boltzmann limit 4
=xo0(0) we can also neglect the differendgq| xo(T)]

than the mass of the gauge bosom§® and fermions

8 7 —Up(xo) andUgggis given by the contribution of a free gas
Pse=| 72+ =aN¢ | 77T (25  of Goldstone bosons
45 60
The energy densit (N?—1) 72
_u-12 _ug0 14 20 o4 (26
TG~V Ot gg| 1t 55w (20

As a consequence, the critical temperature is givel §i0)
quite independently of the details of the shapedJgf y) or

deviates from the one for a relativistic gluon-quark gas du‘?he thermal fluctuations

to Uy. One obtains the equation of state

2 -1
€—3p 45 Uo(0) . 45 21N; Nf_]-) B

_3p= — To=—| 1+ —=——F—| Uy0)=0.231 Uy0).

€ 3p—4U0(0), e-l—p = 21 , T4 . c 8772 32 16 0( ) O( )
8+ ZNf T (3D

(27 - .
(For the quantitative estimate we ubk=3.) For the ap-
This yields, forN¢=3, proximation(28) this yields an equation of state
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e—3p T4 T4 absence of current quark masses an order paramneg(@)
o ~T(TC)T—:~O.83T—Z (32 #0 breaks spontaneously a global symmetry. In conse-
€

guence, there must be a phase transitiorygd) reaches
. R zero when the critical temperatufg is reached from below.
and we see again that. a free.relatlwstlc gas of gluons an‘?’his holds for arbitrarily largévl,.. In two-flavor QCD with
quarks is reached rapidly a6 increases beyond.. The \anishing quark masses a second-order phase transition re-

pressure is continuous at and directly given byp(Tc)=  piaces the crossover of the electroweak theory. For nonzero
~Usse Cqmparlng Eq.(30) with the Stefan-Boltzmann g, ark mass the analogy is even closer, with a change from a
value (25) yields p(T)/psg=ss(37) for Ny=3(2). first-order transition to crossover in dependenceMbp. In

Equation(31) relates the critical temperature to the prop- contrast to the electroweak theory, howeWt, is not a free
erties of then’ meson and the fractional contributi®y, of ~ parameter but can, in principle, be computed in QCD. An

the chiral anomaly tdJ,(0) [cf. Eq. (8)] important ingredient for the determination of the character-
a1 istics of the phase transition is the size of the gauge coupling
To=RyNf Y2x221 MeV. (33 which is large in QCD. The realization of a second-order

transition/crossover seems therefore quite plausible in two-
For Ra;;=(0.3,0.5,0.8,1) andN¢=3 this vyields T  flavor QCD.

=(173,152,135,128) MeV. Fluctuations in the SSB phase
beyond the pion§30) further lower the value oblggg. This

increase ofT .. For three-flavor QCD our numerical results FOR T<Tc
are consistent with this qualitative picture of a strong first-

. For an understanding of the temperature effects in the
order phase transition.

hadronic phase fof <T, we need the value gfy(T). The

_T_he quantitative (_astimate(sl)—(33) are only valid if the octet expectation value in thermal equilibrium obeys the field
minimum at yo(T.) is still near y,. This depends on the equation

influence of the Goldstone bosons and, in particular, on the

ratio betweenT. and the meson decay constdrisee Sec.

Xl). For a weak first-order transition or a second-order tran- ou ou

sition (for N;=2) the potential differenctl [ xo(T.)] has to oy =2x 5 =2xU'=],, (34)
be included inUgsg(30). This contribution lowers the criti- X I(x%)

cal temperature. On the other hand, the gauge boson and

quark fluctuations may not be negligible anymore for low\yherej —0 in absence of quark masses. For a determination
enoug_hXO(Tc). This effect enhances the_critical temperature.qf the témperature dependence of the order paramyg(a)

The difference between the rough estimat88) and (32) i is yseful to investigate the field equation analytically. For
and the numerical conputatigiTable |) is related to these ihe gluon contribution one finds from E€L7)

effects® It is particularly pronounced for the potenti@) for

which the gauge boson mass in the SSB phase is already
considerably smaller ak; than atT=0. 9 N

In the two-flavor case the chiral phase transition in QCD ~ AgU’=——-AgU=1297[ u0,(T) 1P u2(T), T].
ressembles in many respects the electroweak phase transi- I(x%)
tion. The vacuum potential is analytic j? at y>=0 such
that a first-order transition can only be induced by the fluc-
tuations of the gauge bosons. In this analogy the octet rg-ere
places the Higgs scalar amdl,, plays the role of the mass of
the Higgs scalaM. Also the gluons replace the weak
gauge bosons and the quarks play the role of the top quark in 5 c?,uf,(T)
the electroweak theory. The electroweak phase diagram 9 = a(x?)
shows a first-order phase transition for snidl]; and one X
may expect the same for QCD for smadl, . In the elec-
troweak theory this transition ends for some critiby, . in X
a second-order transition, whereas kb, >My . the transi-
tion is replaced by a continuous crosso{&j22,23. In the
case of QCD with vanishing quark masses one has, howeve
an additional important ingredient, namely, the existence o
an order parameter and Goldstone bosons. In fact, in th

(39

me (Bglo)(pmr)
,u,i-i— (7T)? (Bg/9) (1)

:gz(MT)| 1-

g -1
1—B—g(up)) ] (36)

leflects the running of the gauge coupling in dependence on
e temperature-dependent gluon mass

| _ pp(M=g%(uDx> (37)
5The numerical computation also uses 24 gauge boson degrees of
freedom[Eg. (17)] instead of 16 for the analytical discussion in
Secs. VIl and VIIl. This lowers; by 4%. The integral
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P For small values ofM|/T one finds
(M2 T) =25 95(M2,T)

d3q 1
:TE f 3 ;2 2 2
n ) (2m)3 g2+ (2mnT)2+M

o TIMI[ 2IM|
Al =52 In———1]+-- (44)

and we see that{® is continuous aM?=0. On the other

_f d’q 1 hand, for largg M|/ T the result is
(27)* g%+ M?
2 2 c T - * y?
T2 = JyZ+2my &= 4. c=f dy ~2.4041.
= dy— (38) 472 M| o “e¥-1

277 0 e -1 (45)
contains for largd terms quadratic, linear and logarithmic in o .
T [24]: For sufficiently largeT a positive temperature-dependent

masslike term dominates the potential derivative at the origin

® T TM M2 (cT)2+M?
1B —— —+ In . (39)
12 47 1672 M?2

JAU - A
5 —(g2+ —hZ)Tz. (46)
More precisely, the expressia@9) applies forM?2<7?T? AX =0

and we will drop the logarithm in the following. We observe ) o )
an infrared divergence itil {¥/9M?2 for M—0. This overwhelms any classical contribution and there is

therefore no nontrivial minimum dfl (x, T) for y#0. Chiral
symmetry is restorefly,(T)=0] and the gluons no longer
acquire a mass from the octet condensate. On the other hand,
—2AqU = —6Nfﬁzl(lF)(h§X2,T) (40 for T<T, the absolute minimum of the potential occurs for
a(x°) xo(T)#0, corresponding to a nontrivial solution of H§4).

The fermionic contribution reads

with
IX. GOLDSTONE-BOSON FLUCTUATIONS

o=

5 [h)z((/-LT)Xz] For a determination ofyo(T) in the low temperature
a(x%) phase with chiral symmetry breaking the Goldstone boson
fluctuations are important. They dominate the low-
,ui (Bn/hy)(ur) tempe(;atu(rje bef;]avior and _p_Iay a_lr_1himportant role ata posfsibr:e
2 2 / second-order phase transition. The correct treatment of the
ppt (rT) (Bol@)(my) Goldstone bosons in a mean-field-type approach is rather
1} subtle due to complications in the infrared physics for mass-

:h)z((MT){ 1-

(41) less bosongThis also applies to gauge bosorid/e show in
the next section that our renormalization-group motivated

o prescriptions lead to the correct behavior at [dwand we

The corresponding integral demonstrate in Appendix B that they also can accbtort

the possibility of a second-order phase transition. The latter

1F)(M2 T)=2LJF(M2 Ty=— T_szdyvy2+2my is particularly relevant for the case of two light quark flavors

1 ' IM?2 ' 2m2)0 eytmy g or for realistic QCD where the physical strange quark mass
seems to correspond to a very weak first-order transition or a
crossover, in the vicinity of a second-order transition for an

= ﬂT2+ e (42 nearby critical strange quark mass.

The Goldstone boson mass involves the derivative of the

. . . : : 2
involves half-integer Matsubara frequencies and does nde€mperature-dependent effective potentidfig=cgU’,

1- ()

X 2,

show an infrared divergence. which obeys for alll
The Goldstone-boson integrdf)=24Js/dM? equalsl £
for M?=0. For negativeM? it becomes Nf— 1
U'=B(x)+ cU"AI® (cgU" T +---, (47

T (= 2
1= —ZJ dyy(y*+|m?)~*An(1-e™)
2m7Jo

2 A naive mean field treatment typically produces a first-order tran-
_ T_ +A1(@ (43) sition when massless bosons are present. This is due to the nonana-
12 1 Iytic “cubic term” in the expansion oflg [Eq. (19)] in powers ofM.
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’ Nf2 1 " "
B(x)=Ug+ —55—CaT?Ug+ 12971 P (g% T)

—6N;:h21 P (h2x2,T).

Here the ellipses stand for corrections arising frdvdy, (A3)
which vanish forU’ =0 and are negligible in the vicinity of

an extremum. From 1{®)(0,T)=0 one infers a simple equa-

tion for the extrema ofJ away from the origin. The condi-
tion U'=0 is realized foB=0 or

N2

1 n
Ug+ caUgT2=6N:h21 [ h2 (ur) x5, T]

Ne—1
24
—12021 P g% (u1)x3.T1, (49

where we recall the definitions

oo L Yo
o

» 1 [dUg 1dUg
0 4)(2 &)(2 .
For low temperature the right-hand side of E48) is Bolt-

zmann suppressed and can be neglected.
The differential equation47) for U'(x) can be turned

PHYSICAL REVIEW D66, 056003 (2002

X. LOW TEMPERATURE PION GAS AND CHIRAL
PERTURBATION THEORY

The thermodynamics for low temperature should be de-
scribed by a gas of interacting pions. Any analytical compu-
tation which pretends to describe the transition from a pion
gas at lowT to a quark gluon plasma at highshould repro-
duce the low-temperature limit correctly. Indeed, in our for-
mulation only the massless or very light particles contribute
for low T. In particular, around the minimum & near y,
both the baryons and the vector meséms equivalently, the
quarks and the gluonsare heavy and exponentially Boltz-
mann suppressed. Only the pions are light and one expects
that they completely dominate the temperature effects at low
T for y nearyo.

The effects of a thermal interacting pion gas are described
by chiral perturbation theor§25] which predicts for the chi-
ral condensat8

Xo(T)  (py)(T) ~ Ni-1 T? _N?—l( T? )2
x0(0)  (yy)(0) Ni 1212 2N2 | 12f2
T (52)

Within the nonlinear setting of chiral perturbation theory one
can understand the temperature effects of the interacting

into an algebraic “Schwinger-Dyson equation” by replacing Pions on the chiral condensate in a straightforward way. In

U" by Uy. This is reasonable fdd;=0, whereas for nega-
tive Uj we omit the contribution~Ug in B andA1{®) in Eq.
(47) such thatU’ =B. These prescriptioAsletermineU’ for
given values ofy andT. Not too far from the minimum one
may further approximatéfor Ug=0)

NZ—
U =B—

1 2
312y ’ A T 11’
g Ce UOT( JU'e(U’) WJ u'e(-u’)

X[In(2|U’|/T)-1]]. (50)

A reasonable approximate formula for' used for our nu-
merical computation is given by

1
U’=~sign(B)(JVE?+4|B|-E)?,

4

2
f

-1
c2?TUge (U)).

EN
Y

(51)

This implies that for smalB in the vicinity of the minimum
whereB~ y— xo, one ha3U’ ~ (x— xo)?>.

particular, it is obvious that the lowest two orders can only
depend on the rati@/f [25]. In order to describe the phase
transition and the high-temperature phase we are bound,
however, to use a linear description for the scalar fields. The
correct reproduction of lowest order chiral perturbation
theory is not trivial in a linear setting and can be used as a
test for the correctness of the particular formulation of the
mean field approximation.

In our picture we can parametrize the effective potential
in the vicinity of the minimumy, by (U=Uy+AU)

4
Uop= §M(27(X_X0)2,
2

2oy T s
AU=(N? 1)( 557

Ce, 2

(53
Up to the y-independent contribution- T# this yields

co(N?—1) T2

U= 2M2] (= xo)2+ —(x-x0)| (54
=3 o1 (X—Xo >4 X(x Xo

and one infers that th&-dependent minimum is independent

8In regions of the potential where the gauge boson and fermiorﬁ)f Mo
fluctuations are important a better approximation would replace

Up—Up+AgU"+A4U", similar to Eq.(A2).
This holds forE>0. Note that folU’ ~ y — x, the nonanalyticity
in A1{®) would destabilize the minimum.

1%ere we have neglected tAedependence of the wave function
renormalization which relateg and ().
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T2 XS(O) (1) The vacuum expectation valug, increases and
(55 Uy(0)+U,(0) acquires an additional positive contribution

i \Xo- Both effects enhanc, .

With cgce=4/N; [see Eq(15)] we can verify that the lowest (2) In the high-.temperature phfase the minimum oceurs at
order of an expansion inyo(T) — xo(0)]/xo(0) corresponds xs(T)#0. For a f_|rst-0rder tranS|t|or_1 this reduces the differ-
indeed to chiral perturbation theory. This shows the consis€Nce betweerJ; in the low- and high-temperature phases
tency of our treatment of the scalar fluctuations as discussedf'd therefore diminishes somewhat the increasg;ofAlso
in Appendix A. A lack of care in the treatment of the scalarthe quarks get a nonzero mass in the high-temperature phase
fluctuations easily leads to inconsistency with chiral perturhyxs(T). This decreases the pressure of the fluctuations at
bation theory even in lowest order. In fact, it is crucial thatgiven T and therefore enhances the valueTgf needed in
the term~T2in AU [Eq. (53] involves the derivative o),  order to compensate the differenceln. For smallj, this
without additional temperature corrections to the potential. effect is only quadratic inj, and the linear effect in
Uil xs(T)]—U;[ xo(T)] dominates.
XI. NONZERO QUARK MASSES (3) As T; and x4(T¢) increase with increasing,, the
] ) ] difference between the two local minima characteristic for
~ We finally discuss the effect of the quark masses in thgne first-order transition becomes less and less pronounced.
limit where t_heyéfre_ all equal. A quark mass term adds t0 thesj, a1y the transition line ends for a criticil . at a second-
potential a linear piece order transition, with crossover fgr>], .. The situation is
similar to the liquid-gas transition.
(4) In the case of a second-order transition for=0 the
chiral transition turns to a crossover for all nonz¢o
In summary, nonvanishing quark masses enhance the
critical temperature and make transitions less pronounced.
U The case of realistic QCD witing# m,, 4 is somewhat more
—(X0) =l (57) complicated since the expectation values in the high-
Ix temperature phase differ in the strange and nonstrange direc-

tions. In case of a strong first-order transition this modifica-

Herej, is proportional to the current quark mass and can bgjop js, however, only of little quantitative relevance. On the
related to the mass of the octet of light pseudo-Goldstonginer hand. one may envisage a situation where ngr

T cgC
Xol )=1 GCF NZ—1)
Xo(0) 4

122 x3(T)

Uj=Uo+Un, Un==](x~x0). (56)

Therefore the IocatioEO of the minimum ofU + U, obeys
for arbitrary T

bosons {r,K, 7) by #0,m,=my=0 the critical behavior resembles two-flavor
QCD.
2 B G . Our numerical evaluation df(y,T) is easily exploited
Mes(T)=Co a(x?) [xo(T)]= 2xo(T) Ix- ©®  for nonvanishing quark masses. They only enter into the de-

termination of the location of the minima gt(T) andy(T)
In particular, yo= xo(0) is determined by the vacuum mass Via Eq.(58). We indicate the vacuum properties for anomaly
Mps=Mpg(0) dominated potentialsR,,=0.9) in Table Il for the same
values of the input parameters as used in Table I. Compari-
U()(;o)= m% Jcs. (59 son between the two tables provides an estimate of the effect
of nonzero degenerate quark masses. We enj@dyhere a
Vanishing pressure in the vacuurat T=0) requires “realzistic" ~average mass mas= (390 MeV ’NV_%(ZMﬁ
Uo(xo)+ Unm(xo) =0 or +M?) which corresponds to the neglect ®t(3)-violating
mass splittings in the pseudoscalar octet. We observe a size-

(60) able increase of = /7/9 a_nd_a corresponding increase in
the baryon mas8 Mq=h,(u,)xo and vector meson mass
For a small quark massmallj,) both and)}o are given  u,=g(u,)xo in the vacuum.

)A(o:;o—uo(;o)/jx-

approximately byyq. For all three potentialgA),(B),(C) we find a first-order
Near the chiral limit we can understand various quarktransition formps=390 MeV. The critical temperaturg; is
mass effects on the chiral phase transition analytically. increased substantially as compared to the chiral limit, as can

be inferred from Table II.
The mass effect on the critical temperature is moderate for
MWe omit nonlinear quark mass corrections from the chiralour instanton-induced potentiéd) for which the increase of

anomaly here. We also observe that the linear term actually appears
for the qg-color singleto and is transmuted tg only by integrat-
ing outo. This results again in a nonlinearity bf,,. We consider 120ur choice of the Yukawa coupling leads to too large values of
U, as an approximation fofF<T.. There is actually only a singlet the baryon mass in vacuum for the potenti@(C). This is only of
and no octet condensate in the high temperature phase for nonvalittle quantitative relevance for the results presented in this note and
ishing quark masses. can be corrected easily by the choice of a smaller Yukawa coupling.
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about 10% is roughly consistent with a recent lattice simula- Without the gauge fields, the gradient energy per length of

tion [7]. In this respect the instanton-induced potential com-the configuration (61, namely, Egrad

puted in Ref[14] does apparently much better than the two~fdrr‘1a¢xi’]aba¢xijab~fdrr‘1X2(r), would still diverge

polynomial potentialsB),(C) that we use for comparison. |ogarithmically forr —c. We may supplement a gauge field

We point out, however, that the neglection of the quark masg the ¢ direction which becomes a pure gauge for

effects for the instanton-induced interaction leads to a sub-,o[a(r—~)=1a(r=0)=0]

stantial uncertainty in the quark mass dependence at the

present stage. A i _ 1
gé’q,v v*a(r) \/§g

¢ Nga(r). (64)
It is then easy to see that the covariant derivative vanishes

XIl. Z3 VORTICES

In an attempt to find distinctive features of our scenario
which could be tested by lattice simultations, we may look af©" ' —=-
topologically stable excitations. The octet condensate in the . .
Im?v-te%per?;ture phase indeed implies the stability of macro- 2 ¢Xiiab= eXijab~19(Ai) eXijan T 'gX‘kab(A"J)@_’o('Ga
scopicZ; vortices. They are absent in the high-temperature
phase. In the early universe, such strings would have beefhe gauge field strength vanishes as well in this limit. We are
produced as topological defects during the QCD-phase trafnerefore sure that the vortex has a finite string tension, the
sition. The string tension is typically of the order~m;,  precise value depending on the shape of the functjgn$
such thatGo=~(m,/My)? is tiny. Observational conse- anda(r) which have to be determined by solving the field
quences of the production of typically one string per horizonequations with the appropriate boundary values fe and
at the time of the phase transition are not obvious—in parr — oo,
ticular such strings are not candidates for seeds of a later Actually, the topological situation which leads to stable
galaxy formation. vortices gets somewhat more involved by the fact that both
As topological defects, th&; vortices correspond to the color and flavor groups are broken simultaneously by the
nontrivial homotopy groupm,[ SU(3)/Z3]=Z3. The color  octet condensate. A color rotation in ti# element of
octet(and singlet scalars transform trivially under the center sy(3), can be “unwound” by ag-dependent color-flavor-
of the color group, similar to the gluons. Any classical |ocked rotation. This shifts the nontrivial topology from the
bosonic field configuration is therefore invariant und&r  color sector to the flavor sector, more precisely to the non-
transformations. Once the color group gets “spontaneouslyrivial center of the diagonal flavor transformations from
broken” by the octet condensate, til vortices become sy(3), x SU(3)g. The topological stability due to the non-
topologically stable. As an example, consider a static vorteXrivial homotopy groups; is not affected. Since QCD is
in the z direction with octet scalar field invariant only under global flavor transformations the vortex
L is, however, not invariant under coordinate-dependent color-
B flavor-locked transformations. The vanishing of the gauge
X”ab_%)‘(r)()‘Z)ab[UT((P))‘Zv(‘P)]“ 6D Covariant kinetic term forr— occurs only if the
¢-dependent rotation of the vacuum state is associated to the
Herev is given by ap-dependent gauge transformation color sector.
In this context it is useful to recall the global structure of
i the symmetry group of QCD with three massless quarks. For
v(QD):eXD( ﬁ@)\B) (62 infinitesimal transformations the symmetry group is

G=SU(3)XSU(3) XSU(3)gXU(1)g. 66
such that a rotation aroundn2corresponds to an element of (3)e (30 (3)rxU(L)s (66

Z3 Global rotations in the center &U(3). and the center of the
diagonal vectorlike flavor groug U(3),, correspond to iden-

2mi | [2mi tical phase rotations of the quark fields. These transforma-
ex f)‘f‘ —eXA 3 63 tions belong also to the Abelian grolf(1)g which is asso-

ciated to conserved baryon number. A direct consequence of

The scalar field is therefore well defined and free of singuthis global group structure is the triality rule: Color represen-
larities providedy(r) behaves properly at the origin, e.g., tations in the clasg3, 6, etc) have baryon numbeB
x(r=0)=0. Forr—o we assume thag(r) approaches the =1/3 modl and electric charg@=2/3 mod1l whereas the
expectation valuey, which minimizes the effective poten- class(1, 8, etc) hasB=1 modl andQ=1 modl. This ex-
tial, y(r—=)—xo. The potential energy of the string is plains why the physical fermions are baryons witk 1 and
therefore concentrated in the core of the string, typically ofintegerQ, since all physical states are color singlé®ome
radial sizem,,. The nontrivial homotopy group tells us that care is needed for the correct interpretation of the Higgs
no smooth deformation can change the nontrivial behaviopicture[11].)

for r—oo. In particular, no(singularity freg gauge transfor- In a first look it may seem that the macroscogigcvorti-
mation can “unwind” the string. ces are not present in the confinement picture of QCD, in
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contradiction to our assumption of equivalence of the Higgghat the predictions of the instanton-induced potential for the
and confinement pictures. This is, however, not obvious. Irtritical temperature, namely,T,=170 MeV for mpg
gluodynamics(QCD without light quarks the Zy vortices =390 MeV andT.=155 MeV formpg=0, agree well with
are discussed as important configurations for the understangecent lattice simulation’]. One may interpret this as a test
ing of confinemenfzg]. Lattice simulations could establish for the idea of spontaneous color symmetry breaking by in-
the existence of macroscopic vortices in the vacuum of thregignton effects.

flavor QCD and their absence in the high-temperature phase. (4) For the equation of state in the quark-gluon phase we
Such a finding(or the contrary may be interpreted as an finq at T. a ratio between pressure and energy densie

important test for our picture. ~0.13 formps=390 MeV andp/e~0.19 formps=0. This
ratio approaches very rapidly the equation of state of a rela-
Xlll. CONCLUSION tivistic gas (p/e=1/3) asT increases beyond, .

In conclusion, we have presented here a rather simple (5) In the hadronic phase the screening masses of baryons,
picture of the high-temperature phase transition in QCDYector mesons, and pseudoscalars show a strong temperature
Both confinement and chiral symmetry restoration are assglependence as approachesT. from below. NearT, the
ciated to the melting of a color-octet condensate at the critichiral symmetry breaking contribution to the average baryon
cal temperature. The main phenomenological features of ounassM ;~600 MeV is only about one half of the vacuum
picture of the phase transition are the following. mass and approaches a typical constituent quark mass. Also

(1) For three light quarks with equal mass a first-orderthe Higgs contribution to the-meson mass is found substan-

phase transition separates a low-temperature “hadronigg|ly smaller than in the vacuun,(T,)~300 MeV. For

phase” from a high-temperature “quark-gluon phase.” In the T~ T _ the effective chiral symmetry breaking fermion mass

chiral limit of vanlshm.g current qguark masses the quarks an mps to a small valueV,~40 MeV which is compatible
gluons are massless in the high-temperature phase where chi-

ral symmetry is restored. Color symmetry becomes a sym f Mps=390 MeV with common estimates for the average
: . >y "current quark massm,=3(m¢+mg+m,). The average
metry of the spectrum of pseudoparticles above the crmcaﬁ g a= 3 (Mgt My tm,) g

! seudoscalar mass is found agg(T.)~180 MeV. It is
temperaturel ;. Below T, both chiral symmetry and color therefore substantially smaller than in the vacuum.

symmetry are spontaneously broken. Chiral symmetry break- The present paper also contains a rather detailed discus-

ing generates a mass for the quarks which now appear Pinng .
baryons. Eight massless Goldstone bosons signal the glot%?gn of a mean-field-type computation of the temperature

. ) ; pendence of the effective potential. This has become nec-
symmetry breaking. Local color symmetry breaking gives a

m o the aluons by the Hi mechanism. The aluons agsSay since a too naive treatment of the scalar fluctuations
mass 1o the giuons by the Higgs mechanis - € gluons afe.q previously often led to incorrect results near second-
identified with the octet of vector mesong,K*,w). The

order or weak first-order phase transitions. The reason is the

first-order transition is therefore associated with a jump Incomplicated infrared behavior of massless boson fluctuations
the vector meson magthey become massless gluons Tor

- dthe b & | ks f in thermal equilibrium. A second problem is the nonconvex-
>T) and the aryon magshey twrn to massiess quarks for ity of the perturbative effective potential which leads naively
T>T,.). Our picture of gluon-meson duality and quark-

b duality all d ibe th 2 | to negative scalar mass terms. Most previous work has sim-
aryon duality allows us to describe the excitations relevant o ot the scalar fluctuations because of the technical

abovg'and below ; by the same fields. The flrst-order phas.edifficulties associated with these problems. Nevertheless, the
transition extends to nonzero current quark mass, including;,ystone hoson fluctuations are important for QCD at low
values which lead in the vacuum to a “realistic aVeragetemperature and near the phase transition, and we therefore
mass_for _the f,K,») pseudoscalarsmps=390 MeV  \ant 1o include them. Our prescriptions are based on lessons
~V(2M+ M,,)/g%. ) _ ) from earlier more involved renormalization-group investiga-
(2) The effective multiquark interactions at low momen- tions and should include the most dominant effects. In par-
tum or the corresponding effective potential fpy bilinears  ticular, they account correctly for the low temperature behav-
are presumably dominated by the axial anomaly arising fronior as described by chiral perturbation theory and are
instanton effects. We can then relate the critical temperatureonsistent with the physics of a second-order phase transition
of a strong first-order transition to the mass and decay conf this occurs. Our treatment can easily be taken over for
stant of then’ meson. Formps=390 MeV we find T,  other models.
~170 MeV whereas the critical temperature is lower in the Our approach to the high-temperature phase transition in
chiral limit. For an anomaly dominated vacuum potential theQCD still contains many uncertainties, which have been dis-
prediction for the chiral limit (nps=0) is independent of cussed at various places in this paper. In particular, a better
many details and found in the randg~130—160 MeV. understanding of the effective potential in the vacuum and a
(3) A dynamical picture for an instanton-induced color separate treatment of the color octet and singlet condensates
octet condensate has been developed recgéilly This has  would be most welcome and probably needed for a study of
led to a computation of the octet potential which involves thefiner aspects of the phase transition. This concerns, in par-
running gauge coupling as the only free parameter. The chaticular, the interesting question about the existence and order
acteristic features of the instanton-induced vacuum effectivef a phase transition in “real QCD” with different strange
potential are depicted by the potent{@), Eq. (4). We con- quark and up/down quark masses. An appropriate tool for
centrate in the following on this estimate. It is encouragingthis purpose seems to be a renormalization group study simi-
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lar to the successful treatmé®0] of the phase transition in pendence ofM? has only moderate effects for the gauge
the Nambu—Jona-Lasinio model. boson fluctuation’s and we choos®1?=g?(u1)x? in Jg.
Nevertheless, we find the simple overall picture of the For the Goldstone boson fluctuations more care is needed
chiral and deconfinement transition rather convincing and théf one wants to be consistent with chiral perturbation theory
quantitative results of a first rough computation encouragingfor low T and the correct behavior at a second-order phase
We hope that this work can become a starting point for dransition. We first include the gauge boson and fermion ther-

quantitative analytical understanding of the QCD phase tran?a! fluctuations. At this level the mass term for the Gold-
sition. stone bosons is given by

p
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ticle mass termM3 is relevant for momentg?<|M2| and
we useM(Z3 for the argument ofl;. On the other hand, the
APPENDIX A: RUNNING COUPLINGS high momentum part of the integrd}; is dominated by mo-
) . ) menta where the thermal mass corrections from the scalar
In general, the effective massbbappearing in the in- ,,ations are not yet important. Therefaw? , (A2) is

tegrals (18) depend on the momentum. This could be _relevant in this momentum range. We account for this by the
expressed through a momentum dependence of the effectiv@rrection

gauge and Yukawa couplings. We want to avoid here the
complications of momentum-dependent masses. Instead, the T2
dominant effects of the running couplings are taken into ac- Adg=7=(M3 ;—MZ)fs(ME/T?), (A3)
count by the choice of an appropriate renormalization scale 24 '
w in Eq. (11). Corrections to this approximation are reflected,,ich effectively replacesMé by Mé
in the termAJg in Eq. (17).

For not too largem the integrals(19) are dominated by
momentag®~ (7 T)2. We therefore may choose an appropri-
ate temperature-dependent renormalization scale

o for the term~T?
which is dominated by momentgl~ (7T)? if T?>|M2|.
On the other hand, the factdi; reflects the fact that all
temperature fluctuations and therefore alsd; are expo-
nentially Boltzmann suppressed faP<MZ2. We choose
here a simple form ¥=0.5) which mimicks Eq.(21) for
largem?

pr= s+ 7T, pi=g%(w,) x> (A1)

(m2)2 —-1/8
fa(m?)=exp{y—[y*+(m?)*]"}| 1+ ——
Y
[Hereu’= u’(n= p,) refers to the vacuum with arbitrany (A4)

corresponding to a possible presence of “sources” or quarlgl_h L b d techni
mass termg.This choice ofut is a valid approximation for ese prescriptions may seem some ocand techni-

: : . cal. They find a deeper motivation from the study of the
;rlrgljﬁ]rg:?géluci:;uggo?fnand we therefore lhéeMT) in the renormalization flow in thermal field theori¢49,2(. We
E . .

. : . . ill see below that they guarantee agreement with chiral per-
For bosons the issue is more involved due to the infrare ! : !
. ) I . . urbation theory for low temperature and avoid unphysical
behavior of classical statistics. The first two terms in a Taylor

: 2 . . singularities.
expansionlg(0) anddJg/dMjy._, are dominated again by \ye finally have to specify the scale dependence of the

momenta g?~(#T)2. The remaining integralJg=Jg  gauge and Yukawa coupling. For the running gauge coupling
—Jg(0)— Mz(&JB/3M2)|M2=o receives, however, an essen- we employ the perturbativg function in three-loop order in
tial contribution from then=0 Matsubara frequency which the MS scheme

corresponds to classical statistics. The three-dimensional mo-

1+

mentum integrals of classical statistics are more infrared sin- d g®
gular than the four-dimensional integrals for the vacuum. In By~ *on9~ ~Bo o2 Bo=11-2N¢/3.
consequence, the remaining integ}glis dominated by mo- (A5)

mentag?~M?2. This leads in perturbation theory to the so-

called cubic ternj24] which has played an important role in

the discussion of the electroweak phase trans[t&&). Since BFor a second-order phase transition one may split the momen-
Jg is not analytic aM?=0, a careful treatment of the long- tum integral inJg and useM 229%(#,,))(2 for 52<(Mp/2)2, Here

distance physics is mandatory if one aims for quantitativey(x,) obeys an effective three-dimensional evolution faj,
precision. For first-order phase transitions the momentum de< #T [5].
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Our normalizatiorg(770 MeV)=6 is suggested by the phe- =0), the term~g3x T in Eq. (B1) would lead to a first-order
nomenology ofp decays into pions and™* x~ [11]. For the  transition. This corresponds to the well-known “cubic” term
Yukawa coupling we use the one-loop renormalization-groupn the effective potential for the Higgs scalar in the elec-
equation troweak theory. As has been discussed extensively in connec-
tion with the electroweak phase transitif2?], the infrared
dh? a physics of the gauge bosons responsible for this term has to
—=2Bh,=——hy— ——g’hf.  (A6) e handled with care. In particular, the running of th
dingu X l6n2 X 16m2° X e handled with care. In particular, the running of the gauge
coupling is crucial for a correct picture. For a runnigghe

Treating also the gauge coupling in one-loop order this haBroductgx =, goes to a constant(T) for y—0 and the

the solution nonanalyticity iny? disappears. We note thgtindependent
terms in Eq(B1) only influence the location df,. Denoting
92(w) blago ah?( o) U”(0,To)=g, one obtains for smalk and |T—T,| an ex-
h(w)=h,(mo)| = o pansion, with constants;, ¢,, andN?—1=N,
9“(po) (2B0—b)g(xo)
g2(w) | U’ =g 2+ Cy(T2=T3) +cy(T—T )—NL%/2 U
«|1- d M H _ (A7) =0, X 1 0 2 0 P Oy .
9°(1o) (B2)
We use the approximatiofA7) with b=16 such that we For T—T, andy—0 this yields[26]
recover for smalh, the standard anomalous dimension for 5
the mass and take somewhat arbitrafilg=1. The normal- , 8w
ization is fixed by Eg. (11), i.e., h, (770 MeV) U'(p,T)= W[X +e3(T—To)] (B3)
=1.15 GeVi,. ¢ 0

and describés a second-order phase transition. The critical
APPENDIX B: SECOND-ORDER PHASE TRANSITION exponenty=1 correspond$ to the leading order of the 4/
Sxpansion in the effective three-dimensional thd@§]. An
iImprovement of the description of the critical behaviaith
more realistic critical exponentseeds to incorporate the
fluctuations of the neglected scalar modsse Sec. 1Y and

For an investigation of a possible second-order phas
transition in the chiral limit we concentrate on the behavior
of U neary?=0 or small values o§?/T2. In the vicinity of
the critical temperature of a second-order weak first- : o
ordep transition the Goldstone fluctuations play a role in this €N be done with the help of modern renormalization group

. o . methodq 19]. We conclude that a second-order chiral phase
region. The derivative of the temperature-dependent eﬁeCt'V?:ansitioer fo]rN — 5 is compatible with our picture roviF()jed
potential becomeén the range wherd&)’'=0) f P P P

the infrared fluctuations of the gauge bosons are treated in
. N;. g_ 1 the appropriate way.
9(ur)+ Zhi(MT)+7ceug>T2 For three massless flavors the presence of an effective
cubic term~ x® in the effective potential at zero temperature
3g%y NZ-1 wn T [Eq. (5)] changes the situation profoundly. This term reflects
|\ Tog g Mo+ —g <8 u"Ju’|—. the axial anomaly and is induced by instanton effects. The
Bqyl9 m term ~ — y always dominates the right-hand side of Egj1)
(B1)  for small enough values of since there is no competing
term linear iny. One infers the existence of a first-order
Here we have improved our treatment of the gauge bosophase transition for three massless flavors.
fluctuations by usingy(u,) instead ofg(uy) for the low The vicinity of the critical temperature of a second-order
momentum fluctuations corresponding to classical statisticgr weak first-order transition is governed by universal behav-
(the term~T). Let us denote by, the temperature where jor. The universality class is characterized by the symmetry
U’ vanishes aty=0, i.e., U'(0,To)=0. A second-order and the representations which remaaimos} massless at
phase transition al.=T, occurs if U'(x,To) is strictly  T_. For two-flavor QCD it is not obvious which are the
positive for all y>0. In contrast, one has a first-order tran- massless scalar representations at a second-order phase tran-
sition if U’ (x, To) is negative for smalk>0. Then the point  sition. Furthermore, the gauge bosons behave essentially as a
x=0 corresponds to a maximum bf(x,To) and the critical ~ free gas near the transition. Even though their low momen-
temperature for the first-order transition is beldy tum classical fluctuations may acquire an effective mass,
Consider first the potentidlC) which is relevant for the they will influence the nonuniversal critical behavior. This
two-flavor case. Omitting for a moment the Goldstone boson
contributions and the running of the gauge couplingy, (

U'(x,T)=Uj+

15A first-order transition is possible if a new minimum appears
before the running has reached the behavigy = const.
A more accurate treatment would keep the color octet and sin- 1°This differs from high-temperature perturbation theory or chiral
glet as separate fields. The evolution equations for the two respegerturbation theory which would yield a “mean field exponemt”
tive Yukawa couplings differ. =1/2.
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influence of the gauge bosons is characteristic for a simultahavior in the standar@®(4)-universality class will show up
neous chiral and deconfinement transition and leads to modthere. This is independent of the interesting question what
fications of results obtained in quark-meson or Nambu—Jonawould be the true universality class of a second-order tran-
Lasinio modelg20]. In view of the distance scales probed in sition in two-flavor QCD, as seen at very large correlation
lattice simulations, we find it rather unlikely that critical be- length close taT ...
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